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CRITICAL LOCI AND
SECOND-ORDER SINGULARITIES
IN ARBITRARY CHARACTERISTIC
LUCAS BRAUNE
Abstract. The critical loci of a map f : X → Y between smooth
schemes over a field k are the locally closed subschemes Σi(f) ⊆ X where
the differential of f has constant rank. We prove that if f : X → Ar
is the general member of a suitably large linear family of maps from
a smooth k-scheme X to affine space, then the critical loci Σi(f) are
smooth, except in characteristic 2 where the first critical locus Σ1(f)
may be singular at a finite set of points. Moreover, we compute the codi-
mensions of the loci of second order singularities of such general maps
f : X → Ar. In characteristics different from 2, the codimensions we find
agree with those found by Levine in the context of differential topology.
Finally, assuming that k is an algebraically closed and dimX ≥ dimY ,
we give a local description of an arbitrary map f : X → Y at points
of its first critical locus Σ1(f). In the case of functions and nondegen-
erate critical points, this description recovers the usual one from Morse
theory.
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1. Introduction
In this paper we are concerned with the critical loci of maps f : X → Y
between smooth schemes over a field of arbitrary characteristic. By defini-
tion, if i is a nonnegative integer, then the ith critical locus of such a map is
the locally closed determinantal subscheme Σi(f) ⊆ X where the differential
df : TX → f
∗TY has rank exactly min(dimX,dim Y )− i.
Our main result asserts the smoothness of the critical loci of the general
member of a linear family of maps from a smooth scheme to affine space.
It is an algebraic analogue of a classical result of Thom [15] according to
which the critical loci of a suitably generic map between smooth manifolds
are themselves manifolds.
Theorem 1.1. Let k be an infinite field. Let X be a smooth scheme of finite
type and pure dimension n over k. Let
W ⊆ Γ(X,O⊕rX ) = Homk(X,A
r)
be a finite-dimensional linear subspace that separates principal parts of or-
der 2 (if k is algebraically closed, this means that the natural map W →
(OX/m
3
x)
⊕r is surjective for all closed points x ∈ X; see Definition 5.3). Let
f ∈ W be a general element and let i be a nonnegative integer. Then the
critical locus Σi(f) ⊆ X is either empty or of pure codimension i(|n− r|+ i)
in X. Moreover, Σi(f) is smooth over k, with two exceptions:
(1) The case where char(k) = 2, i = 1 and r ≥ n.
(2) The case where char(k) = 2, i = 1, r = 1 and n is odd.
In both cases, the singular locus of Σi(f) = Σ1(f) consists of a (possibly
empty) finite set of points.
Theorem 1.1 is vacuous when the k-scheme X is projective and positive-
dimensional, since in this case no linear subspace of Γ(X,O⊕rX ) can separate
principal parts of positive order. On the other hand, if X is affine, then
subspaces of Γ(X,O⊕rX ) that separate principal parts of any order are guar-
anteed to exist.
Theorem 1.1 may be proved in characteristic zero by a simple argument
reminiscent of the one used by Thom, see Proposition 6.4 below. It is much
more interesting in positive characteristic due to the failure of Sard’s lemma.
The only previously known case of Theorem 1.1 is the case where r = 1,
which is a restatement of Kolla´r’s algebraic Morse lemma [9, Proposition
18]. To see the connection between Theorem 1.1 and Morse theory, con-
sider a function f : X → A1 and a rational point x ∈ X(k), and fix e´tale
coordinates x1, . . . , xn ∈ OX,x around x. The ideal in OX,x corresponding
to the subscheme of critical points Σ1(f) ⊆ X is generated by the partial
derivatives
∂f
∂x1
, . . . ,
∂f
∂xn
∈ OX,x.
Thus, if x ∈ Σ1(f), then the following are equivalent:
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• Hessian matrix of f is invertible at x.
• The differentials of the partials ∂f/∂xj are independent at x.
• Σ1(f) is nonsingular of codimension n at x.
In characteristic 2, the Hessian matrix has the peculiarity of being skew-
symmetric, hence of even rank. It can therefore never be invertible when
the dimension n of X is odd, which explains exception (2) in Theorem 1.1.
The necessity of exception (1) in Theorem 1.1 is illustrated by the following
example:
Example 1.2. Suppose that the base field is algebraically closed of charac-
teristic 2. Let
W ⊆ Γ(A2,O⊕2
A2
) = Hom(A2,A2)
be the linear space of cubic maps, that is, of maps A2 → A2 whose compo-
nents are inhomogeneous cubic polynomials in the coordinates of the source
A
2. Then W separates principal parts of order 2. Let f ∈ W be a gen-
eral element. By a direct computation, the critical locus Σ1(f) ⊆ A2 is a
degree-4 curve in A2 that is singular at exactly one point.
Beyond critical loci, in this paper we consider second-order singularities
of maps in the sense of Thom [15]. Given a morphism f : X → Y of smooth
schemes over a field k and nonnegative integers i and j, we define a locally
closed subcheme Σi,j(f) ⊆ Σi(f) with the property that, if Σi(f) is smooth
over k and of codimension i(|n − r|+ i) in X, then
Σi,j(f) = Σj(f |Σi(f)).
Our definition a scheme-theoretic analogue of the one used by Porteous [13]
in the context of manifolds and nonsingular varieties in characteristic zero.
Our main result about loci of second-order singularities extends Levine’s
computation [10, p. 55] of the codimensions of these loci, from suitably
generic maps between smooth manifolds, to general members of linear fam-
ilies of maps from a smooth scheme to affine space.
Theorem 1.3. Let k be an infinite field. Let X be a smooth scheme of finite
type and pure dimension n over k. Let
W ⊆ Γ(X,O⊕rX ) = Homk(X,A
r)
be a finite-dimensional linear subspace that separates principal parts of order
2. Let f ∈ W be a general section and let i and j be nonnegative integers.
Then the locus of second-order singularities Σi,j(f) ⊆ X is either empty or
of pure codimension
i(|n− r|+ i) + j(n −m+ i− j)(r −m+ i− 1) + 12j(j ± 1)(r −m+ i)
in X, where m := min(n, r) and the symbol ± should be read as “plus” if
char(k) 6= 2 and as “minus” otherwise. Moreover, if k has characteristic
zero, then Σi,j(f) is smooth.
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If char(k) 6= 2, then the generic codimensions of Theorem 1.3 agree with
those found by Levine in the context of differential topology. In fact, to
prove Theorem 1.3 we are able to use arguments similar to those employed by
Golubitsky and Guillemin in their exposition of Levine’s result [5, Chap. VI,
§3-4]. This is possible because in Theorem 1.3 we do not make smoothness
claims outside of characteristic zero.
The proofs of Theorems 1.1 and 1.3 are initiated in section 6 of this paper,
where we explain how both theorems follow from results proved later in the
paper. We prove the last of the results upon which Theorem 1.3 depends in
section 11, and do the same for Theorem 1.1 in section 12.
The proofs of both theorems make crucial use of the the second jet scheme
J2(X,Ar), which we define to be a vector bundle over X whose fiber over a
rational point x ∈ X(k) is the vector space (OX/m
3
x)
⊕r. The sheaf of sections
of this vector bundle is Grothendieck’s sheaf of principal parts P2X(O
⊕r
X ).
In a forthcoming paper we use sheaves of principal parts to construct jet
schemes Jm(X,Y ) for smooth schemes Y other than affine space. When
carried out in these jet schemes, the arguments of this paper yield gener-
alizations of Theorems 1.1 and 1.3 to families of maps between any two
smooth k-schemes.
Although we have not investigated this, it would be interesting to see how
the notions of jet schemes and second-order singularities used in this paper
compare with the ones introduced by Mount and Villamayor [12]. Mount
and Villamayor define jet schemes without reference to sheaves of principal
parts, and define singularities using a construction of Boardman [1] instead
of the one due to Porteous used here.
Another crucial tool in our proof of Theorems 1.1 and 1.3 is the intrinsic
differential of df : TX → f
∗TY at Σ
i(f). This is a map of locally free
OΣi(f)-modules
dΣi(f)(df) : TX |Σi(f) → HomΣi(f)(ker(df |Σi(f)), coker(df |Σi(f)))
that generalizes the Hessian bilinear form of a function at at critical point,
see section 4 below. This map has the property of being surjective if, and
only if, the critical locus Σi(f) is nonsingular and of codimension i(|n−r|+i)
in X.
Like the Hessian matrix of a function, the second-order differential dΣi(f)(df)
exhibits symmetries. To control its rank in the proofs of Theorems 1.1 and
1.3, we compute the dimension of schemes parametrizing linear maps sat-
isfying certain symmetry and rank conditions. The result of computation
is Theorem 11.4 below. For simplicity, here we state a special case that
captures the main features of that theorem.
Theorem 1.4. Let E and F be finite-dimensional vector spaces over a field,
and let A ⊆ E be a linear subspace. Write e := dimE, f := dimF and
a := dimA. Let H be the vector space of linear maps
h : E → Hom(A,F )
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such that the bilinear map A × A → F that sends (v,w) 7→ h(v)(w) is
symmetric. Let i and p be nonnegative integers. Let ∆i,p ⊆ H be the locally
closed subscheme parametrizing linear maps h ∈ H such that
(1) h has rank min(e, af)− i, and
(2) dim(ker(h) ∩A) = p.
If ∆i,p is nonempty (see Lemma 11.3), then ∆i,p is smooth of pure codimen-
sion
p(n− a+ p) + f · [12 (−p
2 + p) + (e− n)a]− n(e− n)
in H, where n := min(e, af)− i.
The last result that we state in this introduction concerns the local struc-
ture of a map f : X → Y between smooth over an algebraically closed field.
At points of the zeroth critical locus Σ0(f) ⊆ X, where the differential of f
is either injective or surjective, this local structure is completely determined
by the inverse function theorem. Theorem 1.5 provides a description of f at
points of its first critical locus Σ1(f), assuming that dimY ≤ dimX. The
description at a given point depends on the unique stratum Σ1,j(f) ⊆ Σ1(f)
that contains it. In the case of functions f : X → A1 and nondegenerate
critical points, that is, points of Σ1,0(f), Theorem 1.5 reduces to Morse’s
Lemma.
Theorem 1.5. Let f : X → Y be a morphism of smooth schemes over an
algebraically closed field k. Let x ∈ Σ1(f) be a closed point. Suppose that
dimf(x) Y ≤ dimxX.
Let y1, . . . , yr ∈ OY,f(x) be e´tale coordinates around f(x) ∈ Y , that is,
function germs whose differentials form a basis for ΩY,y as an OY,f(x)-
module. Let fℓ := yℓ ◦ f ∈ OX,x, where ℓ = 1, . . . , r, be the components
of f with respect to these coordinates. Let x1, . . . , xn ∈ OX,x be a regular
system of parameters such that
(f1, . . . , fr) = (c1 + x1, . . . , cr−1 + xr−1, f)
for suitable constants c1, . . . , cr−1 ∈ k; such a system of parameters is guar-
anteed to exist after a reordering of y1, . . . , yr.
Let j be the unique nonnegative integer such that x ∈ Σ1,j(f). Then n−r+
1−j is nonnegative, and is moreover even if char(k) = 2. Furthermore there
exists an automorphism of ÔX,x = k[[x1, . . . , xn]] as a local k[[x1, . . . , xr−1]]-
algebra that sends fr 7→ q + h, where
q :=
{
x2r + · · ·+ x
2
n−j if char(k) 6= 2
xrxr+1 + · · · + xn−j−1xn−j if char(k) = 2
and h ∈ k[[x1, . . . , xr−1, xn−j+1, . . . , xn]] is a power series that does not in-
volve the variables occurring in q.
The analogue of Theorem 1.5 in differential topology is well known. It
follows from a generalization of Morse’s Lemma called “Morse’s Lemma with
Parameters”. This generalization is in turn a consequece of standard results
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from the theory of finitely deteremined map germs [16, Theorems 1.2 and
3.4].
In section 14 of this paper, we deduce Theorem 1.5 from a version of
Morse’s Lemma with Parameters that holds in positive characteristics, namely
Proposition 13.10 below. For another version, see [7, Lemmas 3.9 and 3.12].
We derive Proposition 13.10 from general statements about power series with
finite Milnor number, namely Propositions 13.3 and 13.7. These proposi-
tions seem to be folklore, but follow from standard arguments, as we note
below. Their analogues in differential topology are very special cases of [16,
Theorems 1.2 and 3.4].
Acknowledgements. Theorems 1.3 and 1.5 first appeared in my Ph.D.
thesis [3], where they are used to prove an irrationality result. It is a plea-
sure to thank my Ph.D. advisors Eduardo Esteves and Sa´ndor Kova´cs for
their guidance and support. Without them this work would not have been
possible. Part of the research described here was conducted during a visit to
Leibniz Universita¨t Hannover. I warmly thank Klaus Hulek and the Institut
fu¨r Algebraische Geometrie for their hospitality during this visit. Finally,
I would like to thank Daniel Santana for helpful discussions during intial
stages of this project.
2. Vector bundles and degeneracy loci
In this section we collect definitions and basic results that will be used
throughout this paper. We begin with our convention for the correspondence
between locally free sheaves and vector bundles, which is different from
Grothendieck’s [4, Dfinition II.1.7.8].
Let X be a scheme and let E be a locally free OX -module of finite rank.
Definition 2.1. The vector bundle associated to E is the X-scheme
V(E) := SpecX Sym(E
∨).
With this definition, there is a natural isomorphism between E and the
sheaf of sections of the projection π : V(E)→ X. In fact, given a morphism
of schemes t : T → X, there exists a natural bijection
(2.1) HomX(T,V(E))
∼
−→ Γ(T, t∗E)
by the universal mapping properties of the relative spectrum and the sym-
metric algebra.
Definition 2.2. The tautological section τ ∈ Γ(V(E), EV(E)) is the section
corresponding to the identity morphism of V(E) under (2.1).
The natural bijection (2.1) coincides with the pullback map f 7→ f∗τ .
Example 2.3. Suppose that the OX -moduleE is free with basis {v1, . . . , ve} ⊆
Γ(X,E). Let Ae be the affine space over SpecZ with coordinates t1, . . . , te.
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Then there exists a unique isomorphism of schemes V(E) ∼= X ×Ae over X
with respect to which
τ = t1 · π
∗v1 + · · ·+ te · π
∗ve.
Remark 2.4. The map E∨ → π∗ΩV(E)/X that sends σ 7→ d(σ · τ) is linear
over OX . Its adjoint is an OV(E)-linear isomorphism
π∗E∨
∼
−→ ΩV(E)/X
by Example 2.3 and the computation of the sheaf of differentials on affine
space.
The following simple lemma is at the heart of our main results, Theorems
1.1 and 1.3.
Lemma 2.5 (Atiyah-Serre). Let k be an infinite field and let f : X →
Speck be a morphism of finite type. Suppose that X is pure-dimensional.
Let Z ⊆ V(E) be a locally closed subscheme of pure codimension c. Let
W ⊂ Γ(X,E) be a k-linear subspace of finite dimension that generates E as
an OX -module. If s ∈W is a general section, then s
−1Z is either empty or
of pure codimension c in X. Moreover, if k has characteristic zero and Z is
smooth over k, then s−1Z is smooth over k.
Proof. Let α : W ⊗k OX → E be the OX-linear map that sends s⊗ f 7→ fs.
Let α˜ : X ×k W → V(E) be the map of vector bundles over X induced by
α. For each section s ∈W , we have a commutative diagram with Cartesian
squares:
s−1Z α˜−1Z Z
X X ×k W V(E)
Speck W
α˜
pr2
s
There is nothing to show if the second projection α˜−1Z → W is not domi-
nant. Suppose that it is. By hypothesis α is surjective, so α˜ is smooth and
surjective. Thus the inverse image α˜−1Z has pure codimension c in X×kW ,
and is smooth over k if Z is. Applying generic flatness or, in characteristic
zero, generic smoothness, to the second projection α˜−1Z → W , the result
follows. 
We now turn to degeneracy loci. Let α : E → F be a map of locally free
OX-modules of finite rank. Let e and f respectively denote the ranks of E
and F . Let m = min(e, f). Let i be a nonnegative integer.
Definition 2.6. The ith degeneracy locus of α is defined to be the subscheme
Σi(α) ⊆ X where exterior power
∧m−i+1α : ∧m−i+1E → ∧m−i+1F
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vanishes if i ≤ m+ 1, and the empty scheme otherwise.
A point x ∈ X lies in Σi(α) if, and only if, the k(x)-linear map α(x) has
rank at most m− i. By the Laplace expansion of the determinant, we have
closed immersions
∅ = Σm+1(α) ⊆ Σm(α) ⊆ · · · ⊆ Σ0(α) = X.
Remark 2.7. If t : T → X be a morphism of schemes, then
t−1Σi(α) = Σi(t∗α)
as closed subschemes of T .
Suppose that 0 ≤ i ≤ m. Let Σ denote the locally closed subscheme
Σi(α) \Σi+1(α) ⊆ X.
Proposition 2.8. A morphism of schemes t : T → X factors through Σ if,
and only if, the cokernel of t∗α : t∗E → t∗F is a locally free OT -module of
rank f −m+ i.
Proof. Left to the reader. The key point is to show that the cokernel of the
OΣ-linear map α|Σ : EΣ → FΣ is a locally free of rank f −m+ i. This can
be done with the help of Lemma 2.10 below. 
The next corollary describes canonical isomorphisms that we will often
use without mention.
Corollary 2.9. The kernel, image and cokernel of α|Σ : EΣ → FΣ are
locally free OΣ-modules of respective ranks e−m+ i, m− i and f −m+ i.
If t : T → Σ is a map of schemes, then:
ker(t∗(α|Σ)) = t
∗ ker(α|Σ)
im(t∗(α|Σ)) = t
∗ im(α|Σ)
coker(t∗(α|Σ)) = t
∗ coker(α|Σ)
Proof. This follows from Proposition 2.8 and the following familiar fact. Let
W be a scheme and let
(2.2) 0 A B C 0
be a short exact sequence of OW -modules. If B and C are locally free of finite
rank, then A is locally free of finite rank, and the sequence (2.2) remains
exact after pullback along any map t : T →W . 
Lemma 2.10. Let R be a ring. Let β :M → N be a map of R-modules. Let
A,B ⊆ M be submodules such that β(A) ⊆ N is a free direct summand of
finite rank a. Let q be a nonnegative integer. The following are equivalent:
(1) The map ∧q+a(A+B)→ ∧q+aN induced by β is zero.
(2) The map ∧qB → ∧q(N/α(A)) induced by β is zero.
Proof. Replacing A and B with their images under β, it suffices to consider
the case where β is injective, which is [8, Lemma 2.5]. 
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In the case where X is the spectrum of a field, the next result asserts
the smoothness and describes the normal bundle of the schemes of matrices
with fixed rank and dimensions.
Proposition 2.11. Let π : H → X be the vector bundle corresponding to
the locally free OX -modules HomX(E,F ). In symbols,
H = V(HomX(E,F )).
Let h : EH → FH be the tautological map, see Definition 2.2. Let Z denote
the locally closed degeneracy locus Σi(h) \ Σi+1(h) ⊆ H. Then Z is smooth
of relative dimension
(e−m+ i)(f −m+ i)
over X. The canonical OH-linear isomorphism TH/X
∼
−→ HomX(E,F )H of
Remark 2.4 induces an OΣ-linear isomorphism
NZ := (TH/X)Z/TZ/X
∼
−→ HomZ(ker(h|Z), coker(h|Z)).
Proof. This result is well known. 
3. The intrinsic differential
In this section we spell out the scheme-theoretic analogue of Porteous’
notion of the intrinsic differential of a map between vector bundles over a
smooth manifold [13]. The intrinsic differential is used in Porteous’ definition
of second-order singularities, which we adopt in this paper. It also plays
an important role in the proof of Theorem 1.1 for reasons that stem from
Remark 3.4 below.
Let k be a field. Let X be a scheme over k. Let E and F be locally free
OX-modules of ranks e and f , respectively. Let α : E → F be an OX -linear
map. Let x : T → X be a morphism of schemes. We think of x as a T -valued
point of X.
Proposition 3.1. Suppose the OX-modules E and F are free. Choose bases
for E and F . Let
∇ : Hom(E,F )→ ΩX ⊗Hom(E,F )
be the k-linear map given by differentiation of matrix entries with respect to
these bases. Let
dxα ∈ Γ(T, x
∗ΩX ⊗HomT (ker(x
∗α), coker(x∗α)))
be the image of ∇α under the OT -linear map
x∗ΩX ⊗HomT (x
∗E, x∗F ) x∗ΩX ⊗HomT (ker(x
∗α), coker(x∗α))
(ι,q)
induced by the inclusion ι : ker(x∗α) →֒ x∗E and the projection q : x∗F ։
coker(x∗α). Then dxα is independent of the bases used to define it.
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Proof. We may assume that E = O⊕eX and F = O
⊕f
X and that the chosen
bases on these OX -modules are the standard ones. Let ϕ : E
∼
−→ E and
ψ : F
∼
−→ F be OX-linear automorphisms. Let α˜ : x
∗E → x∗F be the
composition ψ ◦α ◦ϕ−1. Consider the following diagram of OT -linear maps,
where ι˜ and q˜ are the natural inclusion and projection, and ϕ¯ and ψ¯ are
induced by ϕ and ψ.
0 ker(x∗α) x∗E x∗F coker(x∗α) 0
0 ker(x∗α˜) x∗E x∗F coker(x∗α˜) 0
ι
ϕ¯
x∗α
ϕ
q
ψ ψ¯
ι˜ x∗α˜ q˜
To prove the result, it suffices to show that
q˜ · ∇α˜ · ι˜ = ψ¯ · q · ∇α · ι · ϕ¯−1
as elements of Γ(T, x∗ΩX ⊗HomT (ker(x
∗α˜), coker(x∗α˜))).
Identifying α, ϕ and ψ with matrices with entries in Γ(X,OX) and ap-
plying the Leibniz rule, we find that
dα˜ = dψ · α · ϕ−1 + ψ · dα · ϕ−1 + ψ · α · d(ϕ−1)
as elements of Γ(X,Ω⊕f×eX ). Now
α · ϕ−1 · ι˜ = ψ−1 · α˜ · ι˜ = 0
in HomT (ker(x
∗α˜), x∗E), and
q˜ · ψ · α = q˜ · α˜ · ϕ = 0
in HomT (x
∗F, coker(x∗α˜)). Thus
q˜ · dα˜ · ι˜ = q˜ · ψ · dα · ϕ−1 · ι˜
= ψ¯ · q · dα · ι · ϕ¯−1,
which completes the proof. 
Definition 3.2. The intrinsic differential of α : E → F at x is the unique
section
dxα ∈ Γ(T, x
∗ΩX ⊗HomT (ker(x
∗α), coker(x∗α)))
such that, for each open subset U ⊆ X over which E and F are free, the
restriction of dxα to x
−1U ⊆ T coincides with the section of Proposition
3.1 applied to α|U : EU → FU and x|x−1U : x
−1U → U . When X is smooth
over k, we will regard the intrinsic differential as an OT -linear map
dxα : x
∗TX → HomT (ker(x
∗α), coker(x∗α)).
Suppose that X is smooth over k and that the cokernel of x∗α : x∗E →
x∗F is a locally free OT -module of constant rank. Then the intrinsic differen-
tial dxα may be constructed geometrically, as follows. Let π : V → X be the
vector bundle corresponding to the locally free OX -modules HomX(E,F ).
In symbols,
V = V(HomX(E,F )).
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Let h : EV → FV be the tautological map (Definition 2.2). Let α˜ : X → V
be the unique section of π : V → X such that α˜∗h = α. Let i be the
nonnegative integer defined by
rank(coker(x∗α)) = f −min(e, f) + i.
Let Σ denote the locally closed degeneracy locus Σi(h)\Σi+1(h) ⊆ V . Then
α˜ ◦ x : T → V factors through Σ by Proposition 2.8.
Proposition 3.3. With the assumptions and notation of the preceding para-
graph, the intrinsic differential dxα is equal to the composition of the OT -
linear maps
x∗TX (α˜ ◦ x)
∗TV (α˜ ◦ x)
∗NΣ HomT (ker(x
∗α), coker(x∗α)),dα˜
q θ
∼
where dα˜ denotes the differential of α˜ : X → V ; NΣ := TV |Σ/TΣ denotes the
normal sheaf of Σ in V ; q denotes the canonical projection; and θ denotes
the canonical isomorphism of Proposition 2.11 and Corollary 2.9.
Proof. The question being local on T , and therefore on X, we may assume
that the OX -modules E and F are free. This case is straightforward and
left to the reader. 
Definition 3.2 may be motivated by the following observation.
Remark 3.4. By definition of transversality, the map α˜ : X → V is transverse
to Σ if, and only if, the intrinsic differential
dΣi(α)α : (TX)Σi(α) → HomΣi(α)(ker(α|Σi(α)), coker(α|Σi(α)))
is surjective. By [4, Proposition IV.17.13.2] these conditions hold if and only
if the scheme-theoretic inverse image α˜−1Σ is smooth over k and of codi-
mension in X equal to the codimension of Σ in V . The latter codimension
is equal to i(|e− f |+ i) by Proposition 2.11.
4. Second-order singularities
In this section we define the second intrinsic differential and the loci of
second-order singularities of a map between smooth schemes over a field,
following Porteous [13]. We also define a “bad locus” that we will use in the
proof of Theorem 1.1. After justifying the definitions of these loci of singu-
larities, we examine second-order differentials locally, using coordinates.
Let k be a field. Let f : X → Y be a morphism of smooth schemes over
k. Let i be a nonnegative integer.
Definition 4.1. The ith critical locus of f is the locally closed subscheme
Σi(f) := Σi(df) \ Σi+1(df) ⊆ X,
where Σj(df) denotes the jth degeneracy locus of the differential df : TX →
f∗TY .
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Let n and r denote the (locally constant) dimension functions of X and
Y , respectively. A point x ∈ X is contained in Σi(f) if, and only if, the
k(x)-linear map df(x) : TX(x)→ TY (f(x)) has rank min(n, r)− i.
Definition 4.2. Let T be a scheme and let x : T → X a morphism, which
we regard as a T -valued point of X. The intrinsic differential of df : TX →
f∗TY at x is an OT -linear map
dx(df) : x
∗TX → HomT (ker(x
∗df), coker(x∗df)).
The restriction
d2xf : ker(x
∗df)→ HomT (ker(x
∗df), coker(x∗df))
of this OT -linear map to ker(x
∗df) ⊆ x∗TX is called the second intrinsic
differential of f at x. When the morphism x : T → X is understood from
the context, we may write d2T f instead of d
2
xf and refer to this OT -linear
map as the second intrinsic differential of f at T .
The kernel and cokernel of the restriction of the differential df : TX →
f∗TY to Σ
i(f) are locally free OΣi(f)-modules, so the second-order differen-
tials dΣi(f)(df) and d
2
Σi(f)
f are maps of locally free OΣi(f) modules. Hence
we can speak of their degeneracy loci.
Let j be a nonnegative integer.
Definition 4.3. The bad locus Bi(f) is the closed subscheme of Σi(f) de-
fined as follows. If n ≥ i(|n − r| + i), then Bi(f) is the first degeneracy
locus
Bi(f) := Σ1(dΣi(f)(df)) ⊆ Σ
i(f)
of the intrinsic differential of df : TX → f
∗TY at Σ
i(f). Otherwise, Bi(f) :=
Σi(f). The locally closed subscheme
Σi,j(f) := Σj(d2Σi(f)f) \Σ
j+1(d2Σi(f)f) ⊆ Σ
i(f)
is called the locus of second-order singularites with symbol (i, j).
Definition 4.3 is motivated by the following two results.
Proposition 4.4. The bad locus Bi(f) is the locus where Σi(f) is either
not smooth or of codimension in X different from i(|n − r|+ i).
Proof. By Remark 3.4, the critical locus Σi(f) is smooth and of codimension
i(|n− r|+ i) at a point x ∈ Σi(f) if, and only if, the intrinsic differential
dΣi(f)(df) : TX |Σi(f) → HomΣ(ker(df |Σi(f)), coker(df |Σi(f)))
is surjective at x. The target of dΣi(f)(df) is a locally free OΣi(f)-module of
rank i(|n − r|+ i), so this happens if, and only if, x 6∈ Bi(f). 
As Σi(f) is smooth away from Bi(f), it makes sense to talk about the
critical loci of the restriction
f |Σi(f)\Bi(f) : Σ
i(f) \Bi(f)→ Y.
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Proposition 4.5. Away from Bi(f), the locus of second-order singularities
Σi,j(f) agrees with the jth critical locus of f restricted to Σi(f). In symbols:
Σi,j(f) \Bi(f) = Σj(f |Σi(f)\Bi(f))
Proof. As we won’t need Proposition 4.5 in the sequel, we just give the
idea of the proof. Replacing X with X \ Bi(f), it suffices to consider the
case in which Bi(f) is empty. Let Σ := Σi(f), let K := ker(df |Σ) and let
C := coker(df |Σ). We have a diagram of OΣ-modules:
K
0 TΣ TX |Σ HomΣ(K,C) 0
f∗TY |Σ
d
2
Σs
d(f |Σ)
df |Σ
dΣ(df)
Applying Lemma 2.10 to K and TΣ viewed as locally free, locally split
OΣ-submodules of (TX)Σ, the result follows. 
Let x ∈ X(k) be a rational point. The next remark shows that the
second-order differentials dx(df) and d
2
xf generalize the Hessian matrix of
a function at a critical point.
Remark 4.6. Let y1, . . . , yr ∈ OY,y be e´tale coordinates near y, that is, el-
ements whose differentials form a basis for ΩY,y as an OY,y-module. Let
fℓ := f
#yℓ ∈ OX,x, where ℓ = 1, . . . , r, be the components of f : X → Y
with respect to these coordinates. Let x1, . . . , xn ∈ OX,x be e´tale coordinates
near x. Let
Hess(f) : TX(x)× TX(x)→ TY (y)
be the Hessian bilinear map that sends(
∂
∂xa
,
∂
∂xa
)
7→
r∑
ℓ=1
∂2fℓ
∂xa∂xb
(x) ·
∂
∂yℓ
for all a, b = 1, . . . , n. Then the following diagram commutes by definition
of the intrinsic differential:
TX(x)⊗ TX(x) TY (x)
TX(x)⊗ ker(df(x)) coker(df(x))
Hess(f)
dx(df)
The Hessian matrix of a function is that is symmetric in characteristic
different from 2, and skew-symmetric in characteristic 2. It will be important
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to us that the second-order differential dx(df) inherits these symmetries. To
formulate this precisely, given a k-scheme S and an OS-moduleM , we write

2M :=
{
Sym2M if char(k) 6= 2
∧2M if char(k) = 2.
Furthermore, given a submodule A ⊆M we denote by M A the image of
M ⊗A under the quotient map M ⊗M → 2M .
Remark 4.7. The map Hess(f) of Remark 4.6 factors through 2TX(x), so
the second-order differential dx(df) lies in the image of the natural inclusion
Homk(TX(x) ker(df(x)), coker(df(x))) →֒
Homk(TX(x),Homk(ker(df(x)), coker(df(x)))).
5. Jet schemes and sheaves of principal parts
The notion of a jet of a map between two manifolds is fundamental in
differential geometry. In algebraic geometry, by contrast, one often works
with a slightly different concept, namely that of a principal part of a section
of a sheaf of modules. In the case of morphisms from a scheme X over a
field to affine space Ar, morphisms which can be identified with sections of
O
⊕r
X , the two notions make sense and they agree. In this section we use this
observation to give a quick definition of schemes Jm(X,Ar) parametrizing
jets of morphisms from X to affine space, assuming that X is smooth and
starting from Grothendieck’s sheaves of principal parts [4, Chap. IV, Part
4].
Over the complex numbers and after analytification, the jet schemes we
define coincide with the jet spaces introduced by Ehresmann in differential
geometry. For this reason, our jet schemes coincide in characteristic zero
with those constructed algebraically by Mount and Villamayor [12]. It would
be interesting to know the extent to which this remains true in positive
characteristic.
Before defining jet schemes, we briefly review sheaves of principal parts.
We also define and make a few remarks about the notion of separation of
principal parts that appears as a hypothesis in Theorems 1.1 and 1.3.
Let X be a scheme over a field k. Let E be an OX-module. Let m be a
nonnegative integer.
Definition 5.1. If x ∈ X(k) is a rational point and s ∈ Γ(U,E) is a section
defined on a neighborhood of x, then the principal part of order m of s at x
is the image of s under the natural map Γ(U,E)→ E/mm+1x E.
The mth sheaf of principal parts associated to E is an OX-module P
m
XE
equipped with an k-linear sheaf morphism dmE : E → P
m
XE, the universal
k-linear differential operator of order m mapping E to another OX -module
[14, Tag 09CH]. The universal property satisfied dmE characterizes P
m
XE as
an OX -module up to unique isomorphisms. We write P
m
X and d
m
X instead of
PmX(OX) and d
m
OX
.
CRITICAL LOCI AND SECOND-ORDER SINGULARITIES 15
The sheaf PmXE derives its name from the following fact: for each rational
point x ∈ X(k), the map dmE induces a k-linear isomorphism
(5.1) E/mm+1x E
∼
−→ PmXE ⊗ k(x).
Definition 5.2. Let T be a scheme. A family of principal parts of order m
of sections of E over T is a pair (x, s), where x : T → X is a morphism of
schemes and s ∈ Γ(T, x∗PmXE) is a section. The pullback of such a family
(x, s) along a morphism of schemes u : S → T is the family (x ◦ u, u∗s).
If x ∈ X(k) is a rational point, then the quotient OX/m
m+1
x is not merely a
k-vector space, but a naturally k-algebra. Similarly, the quotient E/mm+1x E
is not merely a k-vector space, but naturally a module over OX/m
m+1
x .
These facts have counterparts for sheaves of principal parts:
• The OX-module P
m
X has a natural structure of OX-algebra. The
multiplication map PmX × P
m
X → P
m
X is the unique OX-bilinear map
such that
dmXu · d
m
Xv = d
m
X(uv)
for all sections u, v ∈ OX defined over a common open subset of
X. The universal differential operator dmX : OX → P
m
X is a map of
k-algebras, but not of OX -algebras in general.
• The OX -module P
m
XE has a natural structure of P
m
X-module. The
multiplication map PmX × P
m
XE → P
m
XE is the unique OX -bilinear
map such that
dmXu · d
m
E s = d
m
E (us)
for all sections u ∈ OX and s ∈ E defined over a common open
subset of X. Furthermore, there exists a unique isomorphism of
PmX -modules
P
m
X ⊗dmX ,OX E
∼
−→ PmXE
that sends α⊗ s 7→ α · dmE s for all local sections α ∈ P
m
X and s ∈ E
defined over a common open subset of X.
Sheaves of principal parts have a number other properties that reflect
familiar facts about their fibers. We will need the following two in the
sequel:
• For each integer q satisfying 0 ≤ q ≤ m, there exists a unique OX -
linear truncation map
εm,q : P
m
XE → P
q
XE
such that εm,q ◦ d
m
X = d
q
X . The map d
0
E : E → P
0
XE is an OX -linear
isomorphism, which we use to identify P0XE with E.
• Suppose that m ≥ 1. There exists a unique OX-linear map ιm :
SymmΩX ⊗E → P
m
XE such that
ιm(du1 · · · dum ⊗ s) = (d
m
Xu1 − u1) · · · (d
m
Xum − um) · d
m
E s
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for all local sections u1, . . . , um ∈ OX and s ∈ E defined over a
common open subset of X. The sequence of OX -modules
0 SymmΩX ⊗ E P
m
XE P
m−1
X E 0
ιm εm,m−1
is right-exact in general, and is exact if either m = 1, or X is smooth
over k and E is locally free.
The following definition introduces the notion of separation of jets used
as a hypothesis in our main results (Theorems 1.1 and 1.3).
Definition 5.3. We say that that a k-linear subspace W ⊆ Γ(X,E) sep-
arates principal parts of order m if the natural OX-linear map d
m
E (W ) ⊗k
OX → P
m
XE that sends s⊗ f 7→ fs is surjective.
Separation of principal parts is a geometric property that can be defined
without reference to Grothendieck’s sheaves:
Proposition 5.4. (1) If k is algebraically closed, then W ⊆ Γ(X,E)
separates principal parts of order m if, and only if, the natural k-
linear map W → E/mm+1x E is surjective for all closed points x ∈ X.
(2) Let k ⊆ K be a field extension. Then W ⊆ Γ(X,E) separates prin-
cipal parts of order m if, and only if, W ⊗kK ⊆ Γ(X×kK,EX×kK)
separates principal parts of order m.
Proof. The first part is immediate from the isomorphisms (5.1). Let XK :=
X ×k K and let u : XK → X be the first projection. Let
β : u∗PiX/kE
∼
−→ PiXK/K(u
∗E)
be the natural OXK -linear map, which is induced by the k-linear differential
operator
OX u∗OXK u∗P
m
XK
(u∗E)u
# u∗dmu∗E
via adjunction. It is a standard fact that β is an isomorphism. Let
α : dmE (W )⊗k OX → P
m
X/kE
α′ : dmEK (W ⊗k K)⊗K OXK → P
m
XK/K
(u∗E)
be the natural maps. We wish to show that α is surjective if, and only if, α′
is surjective. This holds because u is faithfully flat and α′ = β ◦ u∗α. 
Let Ar denote the affine space over k with coordinates t1, . . . , tr.
Definition 5.5. Let x ∈ X(k) be a rational point and let f : U → Ar be
a morphism of schemes defined on an open neighborhood of x in X. The
m-jet of f at x is the principal part of order m of the tuple of component
functions
(f#t1, . . . , f
#tr) ∈ Γ(U,O
⊕r
X )
at x. In other words, it is the image of this tuple in (OX/mm+1)
⊕r.
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Definition 5.6. Let T be a scheme. A family of m-jets of morphisms from
X to Ar over T is a family of principal parts of order m of sections of O⊕rX
over T . In other words, it is a pair (x, s), where x : T → X is a morphism
of schemes and s ∈ Γ(T, x∗(PmX)
⊕r) is a section.
We now turn to jet schemes. Suppose that the scheme X is smooth over
k, so that the sheaf of principal parts PmX is locally free of finite rank.
Definition 5.7. The scheme of m-jets with source in X and target in Ar,
denoted Jm(X,Ar), is the total space of the vector bundle over X corre-
sponding to the locally free OX-module (P
m
X)
⊕r. In symbols:
Jm(X,Ar) := V((PmX)
⊕r)
Let τ ∈ Γ(Jm(X,Ar), (PmX )
⊕r
Jm(X,Ar)) be the tautological section, see Def-
inition 2.2. Thus, given a morphism of schemes x : T → X and a sec-
tion s ∈ Γ(T, x∗(PmX)
⊕r), there exists a unique morphism of X-schemes
j : T → Jm(X,Ar) such that j∗τ = s. In this sense, the family of m-jets
(Jm(X,Ar)→ X, τ)
is universal.
Pullback of the tautological section defines a natural bijection between
the set of rational points of Jm(X,Ar) lying over a rational point x ∈ X(k)
and the k-vector space (OX/m
m+1
x )
⊕r.
Definition 5.8. Let f : U → Ar be a morphism fo k-schemes whose domain
is an open subset of X. The m-jet of f is unique morphism of X-schemes
jmf : U → Jm(X,Ar)
such that (jmf)∗τ = (dmXf
#t1, . . . , d
m
Xf
#tr) as elements of Γ(U, (P
m
X )
⊕r). If
x : T → U is a morphism of schemes, we write jmx f := j
mf ◦ x and refer to
this morphism as the m-jet of f at x.
6. Singularities of generic maps
We begin this section by constructing universal critical loci inside first-
order jet schemes and using these loci to prove the characteristic-zero case of
Theorem 1.1. We then initiate the proofs of the general case of this theorem
and of Theorem 1.3 by explaning how these results follow from statements
that we prove later in the paper.
Let k be a field. Let X be a smooth scheme of pure dimension n over k.
Let Ar be the affine space of dimension r over k. Let J1(X,Ar) = V((P1X)
⊕r)
be the first jet scheme and let
τ ∈ Γ(J1(X,Ar), (P1X)
⊕r
J1(X,Ar)
)
be the tautological section, see Definition 2.2. Then
(J1(X,Ar)→ X, τ)
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is a universal family of 1-jets. This family has a natural differential. Indeed,
the universal derivation d : OX → ΩX is a differential operator of order 1,
so there exists a unique OX-linear map d¯ : P
1
X → ΩX such that d¯ ◦ d
1
X = d.
We identify
d¯τ ∈ Γ(J1(X,Ar), (Ω⊕rX )J1(X,Ar))
with an OJ1(X,Ar)-linear map (TX)J1(X,Ar) → O
⊕r
J1(X,Ar)
.
Definition 6.1. Let i be a nonnegative integer. The ith universal critical
locus is the locally closed subscheme
Σi := Σi(d¯τ) \Σi+1(d¯τ) ⊆ J1(X,Ar),
where Σj(d¯τ) denotes the jth degeneracy locus of d¯τ .
Definition 6.1 is justified by the following result.
Proposition 6.2. Let U ⊆ X be an open subset and let f : U → Ar be a
morphism of k-schemes. Let j1f : U → J1(X,Ar) be the 1-jet of f . Then
(j1f)−1Σi = Σi(f) as subschemes of U .
Proof. Identifying f with an element of Γ(U,O⊕rX ), we have
(j1f)∗d¯τ = d¯((j1f)∗τ) = d¯d1Xf = df.
Hence
(j1f)−1Σi = (j1f)−1(Σi(d¯τ) \Σi+1(d¯τ))
= Σi((j1f)∗d¯τ) \ Σi+1((j1f)∗d¯τ)
= Σi(df) \ Σi+1(df)
= Σi(f). 
Proposition 6.3. The universal critical locus Σi ⊆ J1(X,Ar) is nonempty
if, and only if, 0 ≤ i ≤ min(n, r). In this case, Σi is smooth over X and of
pure relative codimension
i(|n − r|+ i)
in J1(X,Ar) over X.
Proof. Write J := J1(X,Ar). The scheme Σi is the degeneracy locus of a
map between locally free OJ -modules of ranks n and r. Hence it is empty if
i > min(n, r). Suppose that i ≤ min(n, r).
Let H be the vector bundle corresponding to the locally free OX -module
HomX(TX ,O
⊕r
X ). In symbols:
H := V(HomX(TX ,O
⊕r
X ))
Let τ ∈ Γ(J, (P1X)
⊕r
J ) be the tautological section, and let h : (TX)H → O
⊕r
H
be the tautological linear map. Let D : J → H be the morphism of vector
bundles over X induced by the OX -linear map
d¯ : (P1X)
⊕r → Ω⊕rX = HomX(TX ,O
⊕r
X ).
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In other words, D is the unique morphism ofX-schemes such thatD∗h = d¯τ .
We note that D is smooth and surjective, since d¯ : P1X → ΩX is surjective.
Moreover, for each nonnegative integer j,
D−1Σj(h) = Σj(D∗h) = Σj(d¯τ) = Σj.
Therefore the result follows from Proposition 2.11, according to which the
degeneracy locus Σi(h)\Σi+1(h) ⊆ H is smooth over X and of pure relative
codimension i(|n− e|+ i) in H over X. 
Proposition 6.4. Suppose that k is infinite and X is quasi-compact. Let
W ⊆ Γ(X,O⊕rX ) = Homk(X,A
r)
be a finite-dimensional linear subspace that separates principal parts of order
1. Let f ∈ W is a general element. Then the critical locus Σi(f) ⊆ X is
either empty or has pure codimension i(|n− r|+ i) in X. Furthermore, if k
has characteristic zero, then Σi(f) is smooth.
Proof. This follows from Lemma 2.5 applied to the k-linear subspace
d1X(W ) ⊆ Γ(X, (P
1
X )
⊕r)
and the universal critical locus
Σi ⊆ J1(X,Ar) = V((P1X)
⊕r)
in view of Propositions 6.2 and 6.3. 
The proofs of our main theorems are based on that of Proposition 6.4.
We now explain how these theorems follow from results that we will prove
later.
Proof of Theorem 1.1. By Propositions 4.4 and 6.4, for general f ∈ W , the
singular locus of Σi(f) is the bad locus Bi(f). Let
Bi ⊆ J2(X,Ar) = V((P2X)
⊕r).
be the universal bad locus of Definition 9.1. For any f ∈ W , we have
(jmf)−1Bi = Bi(f) by Proposition 9.2. The codimension of Bi is estab-
lished by Theorem 9.3. Applying Lemma 2.5 to the k-linear subspace
d2X(W ) ⊆ Γ(X, (P
2
X )
⊕r)
and Bi, the result follows. 
Proof of Theorem 1.3. Let
Σi,j ⊆ J2(X,Ar) = V((P2X)
⊕r),
be the universal locus of second-order singularities of Definition 9.1. For any
f ∈W , we have (jmf)−1Σi,j = Σi,j(f) by Proposition 9.2. The smoothness
and codimension of Σi,j are established by Theorem 9.4. Applying Lemma
2.5 to the k-linear subspace
d2X(W ) ⊆ Γ(X, (P
2
X )
⊕r)
and Σi,j, the result follows. 
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Our next task is to construct and study the universal loci of singularities
used in the proofs of Theorems 1.1 and 1.3 outlined above. The construction
will be similar to the one given for universal critical loci. First, we will show
that the second-order differentials of Definition 4.2 make sense for families
of 2-jets of maps from a smooth scheme to affine space. Then we will define
the universal loci of singularities as critical loci of these differentials applied
to the universal family of 2-jets over the second jet scheme.
7. Intrinsic differentials of principal parts
In this section we extend the notion of intrinsic differential from maps
between locally free sheaves, to families of first-order principal parts of such
maps.
Let k be a field. Let X be a scheme over k. Let E and F be locally free
OX-modules of finite ranks. Let x : T → X be a morphism of schemes and
α ∈ Γ(T, x∗P1XHomX(E,F ))
be a section. Let α0 : x
∗E → x∗F be the image of α under the OX -linear
truncation map P1XHomX(E,F )→ HomX(E,F ).
Our goal is to show that the family of first-order principal parts (x, α)
has a natural intrinsic differential. This is clear when x is the inclusion of a
rational point:
Remark 7.1. Suppose that T = Speck and x : Spec k → X is a morphism
of k-schemes, so that α can be naturally identified with an element of
HomX(E,F ) ⊗ OX,x/m
2
x.
Let α˜ ∈ HomX(E,F )x be a lift of α. It is easy to see that the intrinsic
differential
dxα˜ ∈ ΩX(x)⊗k Homk(kerα0, coker α0)
is independent of α˜ in the sense that the intrinsic differential at x of any
other lift is equal to dxα˜. Therefore it is natural to define dxα := dxα˜.
Proposition 7.2. Suppose the OX-modules E and F are free. Choose bases
for E and F . Let
∇ : HomX(E,F )→ ΩX ⊗HomX(E,F )
be the k-linear map given by differentiation of matrix entries with respect to
these bases. Let
∇ : P1XHomX(E,F )→ ΩX ⊗HomX(E,F )
be the unique OX -linear map such that ∇ ◦ d
1
Hom(E,F ) = ∇. Let
dxα ∈ Γ(T, x
∗ΩX ⊗HomT (kerα0, coker α0))
be the image of ∇α under the OT -linear map
x∗ΩX ⊗HomT (x
∗F, x∗F ) x∗ΩX ⊗HomT (kerα0, coker α0)
(ι,q)
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induced by the inclusion ι : kerα0 →֒ x
∗E and the projection q : x∗F →
cokerα0. Then dxα is independent of the bases used to define it.
Proof. Throughout this proof we will make use of the fact that, for each
OX-module M , there is a natural isomorphism of P
1
X -modules
P
1
XM = P
1
X ⊗d1
X
,OX
M,
see section 5 of this paper. This isomorphism shows that the construction
M 7→ P1XM extends naturally to a functor from the category of OX -modules
to that of P1X -modules.
To prove the result, we may assume that E = O⊕eX and F = O
⊕f
X and that
the chosen bases on these OX -modules are the standard ones. Let ϕ : E
∼
−→ E
and ψ : F
∼
−→ F be OX -linear automorphisms. Let Φ : P
1
XE
∼
−→ P1XE and
Ψ : P1XF
∼
−→ P1XF be the P
1
X -linear automorphisms induced by ϕ and ψ.
Viewing ϕ and ψ as invertible matrices with entries in Γ(X,OX), and Φ and
Φ as invertible matricies with entries in Γ(X,P1X ), we have Φ = d
1
Xϕ and
Ψ = d1Xψ.
Let α˜ denote the section
α˜ := Ψ ◦ α ◦ Φ−1 ∈ Γ(T, x∗P1XHomX(E,F )).
Let α˜0 : x
∗E → x∗F be the image of α˜ under the OX-linear truncation
map P1XHomX(E,F ) → HomX(E,F ). Consider the following diagram of
OT -linear maps, where ι˜ and q˜ are the natural inclusion and projection, and
ϕ¯ and ψ¯ are induced by ϕ and ψ.
0 ker(α0) x
∗E x∗F coker(α0) 0
0 ker(α˜0) x
∗E x∗F coker(α˜0) 0
ι
ϕ¯
α0
ϕ
q
ψ ψ¯
ι˜ α˜0 q˜
It suffices to show that
q˜ · ∇α˜ · ι˜ = ψ¯ · q · ∇α · ι · ϕ¯−1
as elements of Γ(T, x∗ΩX ⊗HomT (ker(α˜0), coker(α˜0))).
Let d : OX → ΩX be the universal derivation. Let d¯ : P
1
X → ΩX be the
unique OX -linear map such that d¯ ◦ d
1
X = d. Identifying α with a matrix
with entries in Γ(T, x∗P1X) and applying the Leibniz rule (Proposition 7.4
below), we find that
d¯α˜ = d¯(d1Xψ) · α0 · ϕ
−1 + ψ · d¯α · ϕ−1 + ψ · α0 · d¯(d
1
Xϕ
−1)
as elements of Γ(T, x∗Ω⊕f×eX ). Now
α0 · ϕ
−1 · ι˜ = ψ−1 · α˜0 · ι˜ = 0
in HomT (ker(α˜0), x
∗E), and
q˜ · ψ · α0 = q˜ · α˜0 · ϕ = 0
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in HomT (x
∗F, coker(α˜0)). Thus
q˜ · d¯α˜ · ι˜ = q˜ · ψ · d¯α · ϕ−1 · ι˜
= ψ¯ · q · d¯α · ι · ϕ¯−1,
which completes the proof. 
Definition 7.3. The intrinsic differential of the family of first-order prin-
cipal parts (x, α) is the unique section
dxα ∈ Γ(T, x
∗ΩX ⊗HomT (ker α¯, coker α¯))
such that, for each open subset U ⊆ X over which E and F are free, the
restriction of dxα to x
−1U ⊆ T coincides with the section of Proposition 7.2
applied to the restriction (that is, the pullback) of (x, α) to x−1U . When
X is smooth over k, we will regard the intrinsic differential as an OT -linear
map
dxα : x
∗TX → HomT (ker α¯, coker α¯).
The following result was used in the proof Proposition 7.2.
Proposition 7.4 (Leibniz rule). Let d : OX → ΩX be the universal deriva-
tion. Let d¯ : P1X → ΩX be the unique OX -linear map such that d¯ ◦ d
1
X = d.
Let f, g ∈ P1X be sections defined over a common open subset of X, and let
f¯ , g¯ ∈ OX be their respective images under the truncation map P
1
X → OX .
Then
(7.1) d¯(fg) = d¯f · g¯ + f¯ · d¯g
as sections of ΩX .
Proof. Both sides of (7.1) are OX -bilinear functions of f and g. As P
1
X
is generated as an OX -module by the image of the universal differential
operator d1X : OX → P
1
X , we may assume that f = d
1
Xu and g = d
1
Xv for
some u, v ∈ OX . In this case, (7.1) reduces to the usual Leibniz rule satisfied
by d. 
The next two remarks show that the intrinsic differential introduced in
this section is compatible with the one from Definition 3.2 and behaves well
under pullback.
Remark 7.5. If α˜ : E → F is an OX -linear map, then
dxα˜ = dx(x
∗d1Eα˜).
Remark 7.6. If t : T ′ → T be a morphism of schemes, then dx◦t(t
∗α) is equal
to the image of t∗dxα under the OT ′-linear map
t∗(x∗ΩX ⊗HomT (kerα0, cokerα0)) t
∗x∗ΩX ⊗HomT ′(ker(t
∗α0), coker(t
∗α0))
µ
induced by the natural OT ′-linear map t
∗ kerα0 → ker(t
∗α0) and isomorphsim
coker(t∗α0) = t
∗ coker(α0). In cases where µ is an isomorphism, which by
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Corollary 2.9 happens for example when coker(α¯) is a locally free OT -module,
we will abuse notation and write
dx◦t(t
∗α) = t∗dxα.
8. Second-order differentials of jets
Here we show that families of 2-jets of morphisms from a smooth scheme
over a field to affine space have natural second-order differentials. We also
discuss properties of symmetry and additivity that these second-order dif-
ferentials inherit from the Hessian matrix of a function. These properties
will play an important role in the next section of this paper.
Let k be a field. Let X be a smooth scheme over k. Let r be a positive
integer. Let x : T → X be a morphism of schemes and f ∈ Γ(T, x∗(P2X)
⊕r)
be a section, so that (x, f) is a family of 2-jets of morphisms from X to Ar
over T . Let f1 ∈ Γ(T, x
∗(P1X)
⊕r) be the truncation of f to first order.
Let d¯ : P1X → ΩX be the unique OX -linear map such that d¯ ◦d
1
X = d. Let
d˜ : P2X → P
1
XΩX be the unique OX -linear map such that d˜ ◦ d
2
X = d
1
Ω ◦ d.
The following diagram, where the vertical arrows are the natural truncation
maps, commutes:
P2X P
1
XΩX
P1X ΩX
d˜
d¯
We identify d˜f ∈ Γ(T, x∗(P1XΩX)
⊕r) with a global section of
x∗P1XHomX(TX ,O
⊕r
X )
and d¯f1 ∈ Γ(T, x
∗Ω⊕rX ) with an OT -linear map x
∗TX → O
⊕r
T . Let K :=
ker(d¯f1) and C := coker(d¯f1).
Definition 8.1. The intrinsic differential of the pair (x, d˜f), viewed as a
family of principal parts of order 1 of OX -linear maps over T , is an OT -linear
map
dx(d˜f) : x
∗TX → HomT (K,C).
We call the restriction
d2xf : K → HomT (K,C)
of this OT -linear map to K ⊆ x
∗TX the second intrinsic differential of the
family of 2-jets (x, f).
The next two remarks show that Definition 8.1 is compatible with Defi-
nition 4.2 and behaves well under pullback.
Remark 8.2. If f˜ : X → Ar be a morphism of k-schemes, which we identify
with an element of Γ(X,O⊕rX ), then
dx(d˜(x
∗d2X f˜)) = dx(x
∗d˜d2X f˜) = dx(x
∗d1Ωdf˜) = dx(df˜).
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The last equality follows from Remark 7.5.
Remark 8.3. Let t : T ′ → T be a morphism of schemes. If the cokernel of
d¯f1 : x
∗TX → O
⊕r
T is a locally free OT -module, then
dx◦t(d˜(t
∗f)) = dx◦t(t
∗d˜f) = t∗dx(d˜f)
as elements of
HomT ′(t
∗x∗TX ,HomT ′(ker(d¯(t
∗f1)), coker(d¯(t
∗f1)))).
In general, dx(d˜(t
∗f)) equals the image of t∗dx(d˜f) under a natural map,
see Remark 7.6.
We now turn to properties of symmetry and additivity that the second-
order differentials dx(d˜f) and d
2
xf inherit from the Hessian matrix of a
function. We begin with symmetry: Proposition 8.4 below extends Remark
4.7 to the family of 2-jets (x, f). As in section 4, given a k-scheme S and an
OS-module M , we write

2M :=
{
Sym2M if char(k) 6= 2
∧2M if char(k) = 2.
Furthermore, given a submodule A ⊆M we denote by M A the image of
M ⊗A under the quotient map M ⊗M → 2M . Let
θ : HomT (x
∗TX ⊗K,C)
∼
−→ HomT (x
∗TX ,HomT (K,C))
θ¯ : HomT (K ⊗K,C)
∼
−→ HomT (K,HomT (K,C))
be the natural OT -linear isomorphisms, both of which are described by the
rule b 7→ (v 7→ b(v ⊗−)).
Proposition 8.4. The second-order differentials d(d˜f) and d2f are sym-
metric in characteristic different from 2 and in skew-symmetric in charac-
teristic 2. More precisely:
θ−1(d(df)) ∈ HomT (x
∗TX K,C)
θ¯−1(d2f) ∈ HomT (
2K,C)
Proof. The question being Zariski-local on T , we may assume that there
exist global sections x1, . . . , xn ∈ Γ(X,OX) whose differentials from a basis
for ΩX as an OX -module. Then the result follows from the combination of
Lemma 8.9 and the first part of Lemma 8.10 below. 
Next we consider an additivity property of second-order differentials. The
case of a single 2-jet, where T = Speck and x : T → X is a rational point,
is clearest.
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Example 8.5. Suppose that T = Speck and x : T → X is a rational point,
so that
f ∈ (OX/m
3
x)
⊕r
d˜f ∈ HomX(TX ,O
⊕r
X )⊗ OX/m
2
x
d¯f1 ∈ Homk(TX(x), k
⊕r).
Let
Hess(f) : TX(x)× TX(x)→ k
⊕r
be the Hessian bilinear map defined with respect to a choice of e´tale coor-
dinates near x ∈ X(k). By Remark 4.6, we have a commutative diagram as
follows:
TX(x)⊗ TX(x) k
⊕r
TX(x)⊗K C
Hess(f)
dx(d˜f)
Let
0 Sym2(mx/m
2
x) OX/m
3
x OX/m
2
x 0
ι
be the canonical short exact sequence. Let
β : Sym2(mx/m
2
x)→ Hom(TX(x)⊗ TX(x), k)
be the unique k-linear map such that
β(uv) = u⊗ v + b⊗ v
for all u, v ∈ mx/m
2
x = TX(x)
∨. Finally, let δ ∈ Sym2(mx/m
2
x). Then
Hess(f + ιδ) = Hess(f) + Hess(ιδ)
= Hess(f) + β(δ)
as k-linear maps TX(x)⊗ TX(x)→ k
⊕r. It follows that
dx(d˜(f + ιδ)) = dx(d˜f) + β(δ)
as k-linear maps TX(x)⊗K → C, where β(δ) denotes the natural image of
β(δ) in Homk(Tx(x)⊗K,C).
Returning to the general case, let
0 Sym2 ΩX P
2
X P
1
X 0
ι
be the canonical short exact sequence. Let
β : Sym2 ΩX → (TX ⊗ TX)
∨
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be the unique OX -linear map such that β(uv) = u⊗ v + v ⊗ u for all u, v ∈
ΩX = T
∨
X . Let β¯ be the composition of the following OT -linear maps:
x∗(Sym2 ΩX)
⊕r HomT (x
∗TX ⊗ x
∗TX ,O
⊕r
T )
HomT (x
∗TX ⊗K,C) HomT (x
∗TX ,HomT (K,C))
β
θ
∼
Remark 8.6. The image of β is (2TX)
∨, so that of β¯ is
θ(HomT (x
∗TX K,C)).
Proposition 8.7. Let δ ∈ Γ(T, x∗(Sym2 ΩX)
⊕r) be a section. Then
dx(d˜(f + ιδ)) = dx(d˜f) + β¯δ
as elements of HomT (x
∗TX ,HomT (K,C)), and
d2x(f + ιδ) = d
2
xf + (β¯δ)|K
as elements of HomT (K,HomT (K,C)).
Proof. The question being Zariski-local on T , we may assume that there
exist global sections x1, . . . , xn ∈ Γ(X,OX) whose differentials from a basis
for ΩX as an OX -module. Then the result follows from the combination of
Lemma 8.9 and the second part of Lemma 8.10 below. 
In the remainder of this section we prove the two lemmas that were used
in the proofs of Propositions 8.4 and 8.7.
Setup 8.8. Suppose that there exist sections x1, . . . , xn ∈ Γ(X,OX ) be sec-
tions whose differentials form an OX -linear basis for ΩX . Fix a choice of
such sections. Let {∂1, . . . , ∂n} be the basis of TX = Ω
∨
X that is dual to the
basis {dx1, . . . , dxn} of ΩX . Let Hess : OX → ΩX ⊗ΩX be the second-order
k-linear differential operator differential operator that sends
ϕ 7→
n∑
a,b=1
∂a∂bϕ · dxa ⊗ dxb.
For each a = 1, . . . , n, we identify ∂a ∈ Γ(X,TX) with a derivation ∂a :
OX → OX , and let ∂¯a : P
1
X → OX and ∂˜a : P
2
X → P
1
X be the OX -linear maps
characterized by the conditions that ∂¯a ◦d
1
X = ∂a and ∂˜a ◦d
2
X = d
1
X ◦∂a. Let
Hess : P2X → ΩX ⊗ΩX be the unique OX -linear such that Hess ◦d
2
X = Hess.
Lemma 8.9. Assume Setup 8.8. Let θ˜ : ΩX ⊗ΩX → HomX(TX , (TX)
∨) be
the OX -linear map that sends b 7→ (v 7→ b(v⊗−)). The intrinsic differential
dx(d˜f) is equal to the composition of the OT -linear maps
(x∗TX) HomT (x
∗TX ,O
⊕r
T ) HomT (ker(f¯1), coker(d¯f1)),
θ˜(Hessf)
where the second arrow is induced by the inclusion ker(df¯1) →֒ x
∗TX and
the projection O⊕rT → coker(df¯1).
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Proof. Write H := HomX(TX ,O
⊕r
X ). Let ∇ : H → ΩX ⊗ H be the k-
linear map given by differentiation of matrix elements with respect to the
basis {∂1, . . . , ∂n} ⊆ Γ(X,TX) of TX and the standard basis of O
⊕r
X . Let
∇ : P1XH → ΩX ⊗H be the unique OX -linear map such that ∇ ◦ d
1
H = ∇.
Then ∇ ◦ d˜ = Hess as OX -linear maps (P
2
X)
⊕r → ΩX ⊗H = (ΩX ⊗ ΩX)
⊕r.
Indeed, P2X is generated as an OX -module by the image of d
2
X : OX → P
2
X
and, for each local section ϕ ∈ O⊕rX , we have
∇d˜d2Xϕ = ∇d
1
Hdϕ
= ∇(dϕ)
= ∇(
∑
b ∂bϕ · dxb)
=
∑
b d(∂bϕ)⊗ dxb
=
∑
a,b ∂a∂bϕ · dxa ⊗ dxb
= Hess(ϕ)
= Hess(d2Xϕ).
In particular, ∇(d˜f) = Hess(f) as elements of Γ(T, x∗(ΩX ⊗ H)). The
result now follows from the definition of the intrinsic differential (Defintion
7.3). 
Lemma 8.10. Assume Setup 8.8. The OX -linear map
Hess : P2X → ΩX ⊗ ΩX
factors through im(β) = (2TX)
∨. Furthermore,
Hess ◦ ι = β
as OX-linear maps Sym
2 ΩX → ΩX ⊗ ΩX .
Proof. First, we claim that P2X is freely generated as an OX-module by the
sections
d2X(xixj), d
2
Xxi, d
2
X1 ∈ Γ(X,P
2
X ),
where i, j = 1, . . . , n. To see this, let Ank denote the affine space over k
with coordinates t1, . . . , tn, and let ϕ : X → A
n
k be the unique map of k-
schemes such that ϕ#ti = xi for all i = 1, . . . , n. Then ϕ is e´tale, so induces
an isomorphism of OX -algebras ϕ
∗P2
An
∼
−→ P2X . This isomorphism sends
d2
An
ti 7→ d
2
Xxi for all i = 1, . . . , n. Now let ε1, . . . , εn be indeterminates. It
is a standard fact that the unique map of OAn-algebras
OAn [ε1, . . . , εn]→ P
2
An
that sends εi 7→ d
2
An
ti − ti for all i = 1, . . . , n is surjective with kernel
〈ε1, . . . , εn〉
2. The claim follows.
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Next, we note that
Hess(d2X(xixj)) =
∑
a,b
∂a∂b(xixj)dxa ⊗ dxb
= dxj ⊗ dxi + dxi ⊗ dxj .
Similarly, Hess(d2Xxi) = 0 for all i = 1, . . . , n, and Hess(d
2
X1) = 0. Further-
more,
Hess(ι(dxi · dxj)) = Hess((d
2
Xxi − xi)(d
2
Xxj − xj))
= Hess(d2X(xixj)− xid
2
Xxj − xjd
2
Xxi + xixj)
= dxj ⊗ dxi + dxi ⊗ dxj .
The result follows. 
9. Universal second-order singularities
The proofs of Theorems 1.1 and 1.3 outlined in section 6 made use of
schemes of singularities inside the second jet scheme. In this section we
construct these schemes of singularities and reduce the facts about their
codimension and smoothness that we used in section 6, namely Theorems
9.3 and 9.4 below, to corresponding facts about schemes of linear maps
satisfying certain symmetry and rank conditions. We will prove the latter
in sections 11 and 12 below.
Let k be a field. Let X be a smooth scheme of pure dimension n over
k. Let Ar be the affine space of dimension r over k. For m = 1, 2, let
Jm := Jm(X,Ar) be the mth jet scheme, see Definition 5.7, and let τm ∈
Γ(Jm, (PX)
⊕r
Jm) be the tautological section, see Definition 2.2; then the pair
(Jm → X, τm) is a universal family of m-jets of morphisms from X to A
r.
Let q : J2 → J1 be the morphism of vector bundles over X induced by the
OX-linear truncation map ε : P
2
X → P
1
X . Thus q is the unique morphism
of X-schemes such that q∗τ1 = ε(τ2). Let d¯ : P
1
X → ΩX be the unique
OX-linear map such that d¯ ◦ d
1
X = d. Let d˜ : P
2
X → P
1
XΩX be the unique
OX-linear map such that d˜ ◦ d
2
X = d
1
Ω ◦ d. Then the image of the differential
d˜τ2 ∈ Γ(J
2, (P1XΩ
⊕r
X )J2)
under the truncation map P1XΩX → ΩX is equal to
q∗d¯τ1 ∈ Γ(J
2, (Ω⊕rX )J2).
Let i be a nonnegative integer. Let Σi ⊆ J1 be the ith universal critical
locus, see Definition 6.1. Let τ¯1 ∈ Γ(Σ
i, (P1X)
⊕r
Σi
) be the restriction of τ1
to Σi. Let K and C respectively denote the kernel and cokernel of d¯τ¯1 :
(TX)Σi → O
⊕r
Σi
. Then K and C are locally free OΣi-modules, and
q∗K = ker(q∗d¯τ¯1) and q
∗C = coker(q∗d¯τ¯1)
by Corollary 2.9.
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Let τ¯2 ∈ Γ(q
−1Σi, (P2X)
⊕r
q−1Σi
) be the restriction of τ2 to q
−1Σi. The
intrinsic differential of the family of first-order principal parts (q−1Σi, d˜τ¯2)
is an Oq−1Σi-linear map
dq−1Σi(d˜τ¯2) : (TX)q−1Σi → Homq−1Σi(q
∗K, q∗C).
The second intrinsic differential of the family of 2-jets (q−1Σi, τ¯2) is the
restriction
d2q−1Σi τ¯2 : q
∗K → Homq−1Σi(q
∗K, q∗C)
of this map to q∗K.
Let j be a nonnegative integer.
Definition 9.1. The universal bad locus Bi is the closed subscheme of q−1Σi
defined as follows. If n ≥ i(|n − r| + i), then Bi(f) is the first degeneracy
locus
Bi := Σ1(dq−1Σi(d˜τ¯2)) ⊆ q
−1Σi.
Otherwise, Bi = q−1Σi. The locally closed subscheme
Σi,j := Σj(d2q−1Σi τ¯2) \Σ
j+1(d2q−1Σi τ¯2) ⊆ q
−1Σi
is called the universal locus of second-order singularities with symbol (i, j)
in J2(X,Ar).
The next result relates Definitions 9.1 and 4.3.
Proposition 9.2. Let U ⊆ X be an open subset and let f : U → Ar be a
morphism of k-schemes. Let j2f : U → J1(X,Ar) be the 2-jet of f . Then
(j2f)−1Bi = Bi(f) and (j2f)−1Σi,j = Σi,j(f).
as subschemes of U .
Proof. By Proposition 6.2 and the observation that q ◦ j2f = j1f ,
(j2f)−1q−1Σi = Σi(f).
By Remarks 8.2 and 8.3,
(j2f |Σi(f))
∗dq−1Σi(d˜τ¯2) = dΣi(f)(d˜(j
2f |Σi(f))
∗τ2)
= dΣi(f)(d˜(d
2
Xf |Σi(f)))
= dΣi(f)(df).
Thus, if n ≥ i(|n − r|+ i), then
(j2f)−1Bi = (j2f |Σi(f))
−1Σ1(dq−1Σi(d˜τ¯2))
= Σ1((j2f |Σi(f))
∗dq−1Σi(d˜τ¯2))
= Σ1(dΣi(f)(df))
= Bi(f).
If n < i(|n − r|+ i), then by definition Bi = q−1Σi and Bi(f) = Σi(f), so
(j2f)−1Bi = Bi(f)
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in this case also. In general,
(j2f |Σi(f))
∗d2q−1Σi τ¯2 = d
2
Σi(f)f
and therefore
(j2f)−1Σi,j = Σi,j(f). 
Theorem 9.3. Let m := min(n, r). The universal bad locus Bi ⊆ q−1Σi is
nonempty if, and only if, 1 ≤ i ≤ m.
If n < i(|n−r|+ i), then by definition Bi = q−1Σi, and Bi is smooth over
X of pure relative codimension i(|n − r|+ i) in J2(X,Ar).
Suppose that n ≥ i(|n−r|+i). If char(k) 6= 2, then Bi ⊆ q−1Σi has relative
codimension n + 1 in J2(X,Ar) over X. The same holds if char(k) = 2,
with two exceptions:
(1) The case where i = 1 and r ≥ n.
(2) The case where i = 1, r = 1 and n is odd.
In both cases, the universal bad locus Bi has relative codimension n in
J2(X,Ar) over X.
Proof. By Proposition 6.3, the universal critical locus Σi ⊆ J1 is nonempty
if, and only if, 0 ≤ i ≤ m, so we may assume these inequalities hold. Then
Σi is smooth over X and of pure relative codimension i(|n − r| + i) in J1
over X, again by Proposition 6.3.
Recall that Jm := V((PmX)
⊕r) for m = 1, 2, and that q : J2 → J1 the
morphism of vector bundles over X induced by the truncation map ε :
P2X → P
1
X . This truncation map is surjective, so q is smooth and surjective.
Therefore q−1Σi is smooth over over X, and of pure relative codimension
i(|n−r|+ i) in J2 over X. In particular, the result holds if n < i(|n−r|+ i).
Suppose that n ≥ i(|n− r|+ i). Let

2TX :=
{
Sym2 TX if char(k) 6= 2
∧2TX if char(k) = 2.
Let (TX)Σi K be the image of (TX)Σi ⊗K under the quotient map
(TX ⊗ TX)Σi ։ (
2TX)Σi .
By Lemma 11.1 below, (TX)Σi K is a locally free OΣi-module.
Let
θ : HomΣi((TX)Σi ⊗K,C)
∼
−→ HomΣi((TX)Σi ,HomΣi(K,C))
be the natural OΣi-linear isomorphism that sends b 7→ (v 7→ b(v ⊗ −)). By
Proposition 8.4, the inverse image θ−1(dq−1Σi(d˜τ¯2)) is contained the Oq−1Σi-
submodule
q∗HomΣi((TX)Σi K,C) ⊆ q
∗
HomΣi((TX)Σi ⊗K,C).
Let H → Σi be the vector bundle associated with the locally free OΣi-
module HomΣi((TX)Σi  K,C). Let h : ((TX)Σi  K)H → CH be the
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tautological OH -linear map. Let D : q
−1Σi → H be the unique morphism
of Σi-schemes such that
D∗h = θ−1(dq−1Σi(d˜τ¯2)).
The argument that follows is based on the following commutative diagram
with Cartesian squares:
Bi Σ1(θh)
J2 q−1Σi H
J1 Σi

q
D

The respective ranks of K and C as OΣi-modules are n − m + i and
r −m+ i. If i = 0, then HomΣi(K,C) = 0, so Σ
1(θh) and Bi are empty.
Suppose i > 0. By Proposition 11.6 below, if char(k) 6= 2, then the first
degeneracy locus Σ1(θh) has relative codimension
n− (n−m+ i)(r −m+ i) + 1 = n− i(|n − r|+ i) + 1
in H over Σi. Furthermore, if char(k) = 2, the same holds provided that
(a) n−m+ i > 1; and
(b) if r −m+ i = 1, then n−m+ i = n and n is even.
Otherwise, Σ1(θh) has relative codimension n− i(|n− r|+ i) in H over Σi.
Conditions (a) and (b) may be respectively rephrased as follows:
(a’) If i = 1, then r < n.
(b’) If i = 1 and r ≤ n, then r = 1 and n is even.
Thus (a) and (b) hold if, and only if, conditions (1), (2) and (3) from the
statement of the theorem are satisfied.
To prove the result it suffices to show that the relative codimension of Bi
in q−1Σi over Σi is equal to the relative codimension of Σ1(θh) in H over
Σi. We will do this by showing that D is smooth and surjective.
Let G denote the vector bundle
G := V((Sym2ΩX)
⊕r)
regarded as an additive group scheme over X. The map ι in the canonical
short exact sequence
0 Sym2 ΩX P
2
X P
1
X 0
ι ε
induces an action of the additive group J1-scheme GJ1 := G ×X J
1 by
translations on J2 that gives J2 the structure of a principal GJ1-bundle
over J1. This action restricts to an action of the additive group Σi-scheme
GΣi := G ×J1 Σ
i on q−1Σi that gives q−1Σi the structure of a principal
GΣi-bundle over Σ
i.
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Let
(Sym2ΩX)
⊕r
Σi
→ HomΣi((TX)Σi K,C).
be the natural OΣi-linear surjection, see Remark 8.6. Let ϕ : GΣi → H
be the corresponding map of vector bundles over Σi, which we regard as a
homomorphism of additive group Σi-schemes. Then D : q−1Σi → H is ϕ-
equivariant by Proposition 8.7. This implies thatD is smooth and surjective,
since ϕ is smooth and surjective. 
Theorem 9.4. The universal locus of second-order singularities Σi,j is
nonempty if, and only if,
(1) i ≤ m; and
(2) j ≤ n−m+ i; and
(3) if i = 0, then j = 0; and
(4) if char(k) = 2, i = 1 and r ≤ n, then n−m+ i− j is even.
In this case, Σi,j is smooth over X and of pure relative codimension
i(|n− r|+ i) + j(n −m+ i− j)(r −m+ i− 1) + 12j(j ± 1)(r −m+ i)
in J2(X,Ar) over X. The symbol ± appearing in this expression should be
read as “plus” if char(k) 6= 2 and as “minus” if char(k) = 2.
Proof. Let

2K :=
{
Sym2K if char(k) 6= 2
∧2K if char(k) = 2.
Let
θ : HomΣi(K ⊗K,C)
∼
−→ HomΣi(K,HomΣi(K,C))
be the natural OΣi-linear isomorphism that sends b 7→ (v 7→ b(v ⊗ −)). By
Proposition 8.4, the inverse image θ−1(d2
q−1Σi
τ¯2) is contained the Oq−1Σi-
submodule
q∗HomΣi(
2K,C) ⊆ q∗HomΣi(K ⊗K,C).
Let H → Σi be the vector bundle associated with the locally free OΣi-
module HomΣi(
2K,C). Let h : (∧2K)H → CH be the tautological OH -
linear map. Let D : q−1Σi → H be the unique morphism of Σi-schemes
such that
D∗h = θ−1(d2q−1Σi τ¯2).
Consider the following commutative diagram with Cartesian squares:
Σi,j Σj(θh) \Σj+1(θh)
J2 q−1Σi H
J1 Σi

q
D

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As in the proof of Theorem 9.3, the Σi-scheme q−1Σi is smooth over X,
is of pure relative codimension i(|n− r|+ i) in J2 over X, and the morphism
D is smooth and surjective. Thus it suffices to show that H is nonempty if,
and only if, (1)–(4) hold, and smooth of relative codimension
j(n −m+ i− j)(r −m+ i− 1) + 12j(j ± 1)(r −m+ i)
in H over Σi when these conditions hold. If i > 0, this follows from Propo-
sition 11.5 below and the observation that the ranks of the locally free OΣi-
modules K and C are n−m+ i and r −m+ i, respectively. If i = 0, then
HomΣi(K,C) = 0, so the subscheme Σ
j(θh) \ Σj+1(θh) ⊆ H is empty if
j > 0 and equal to H if j = 0. 
10. Geometry on Grassmannians
In this section we collect a few facts about Grassmannians that we will
use in the proof of Theorem 11.4 below. Here we review the standard affine
charts on Grassmannians and special Schubert cells, and the construction
often referred to as the Tjurina transform. The title of this section is taken
from the beautiful paper by Kleiman [8].
LetX be a scheme. Let E be a locally free OX -module of finite rank e. Let
n an integer such that 0 ≤ n ≤ e. Let G := Grn(E) be the Grassmannian
of rank-n quotients on E over X. Let
0 K EG EG/K 0
ι q
be the tautological short exact sequence on G.
We begin by looking at the standard affine charts on G.
Remark 10.1. Suppose that E = E′ ⊕ E′′, where E′ and E′′ are free OX -
modules and E′ has rank n. Let U ⊆ G be the largest open subscheme
where q|E′ : E
′
G → EG/K is an isomorphism. Let u denote the composition
of the OU -linear maps
E′′U (EG/K)U E
′
U .
q (q|E′)−1
∼
We have an isomorphism of short exact sequences of OU -modules
0 E′′U EU E
′
U 0
0 KU EU EU/KU 0,
ι′
∼
q′
q|E′∼
ι q
where
ι′ =
[
−u
id
]
and q′ =
[
id u
]
relatively to the direct sum decomposition E = E′⊕E′′. Fix bases on E′ and
E′′, so that u may be identified with a matrix with n rows, e−n columns and
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entries in Γ(U,OU ). Let A
n(e−n)
X be the affine space of dimension n(e − n)
over X. Let
ψ : U → A
n(e−n)
X
be the unique morphism of X-schemes that pulls the coordinates on A
n(e−n)
X
back to the n(e−n) entries of the matrix representing u (in some order). It
is a standard fact that ψ is an isomorphism.
We now turn to special Schubert cycles. Let A ⊆ E be locally free and
locally split submodule of rank a, and let p be a nonnegative integer.
Definition 10.2. The pth special Schubert cycle associated to the subbundle
A ⊆ E is the closed subscheme σp(A) ⊆ G defined as follows: if p ≤ a, then
σp(A) is the subscheme where the OG-linear map
∧a−p+1(q|A) : ∧
a−p+1AG → ∧
a−p+1(EG/K)
vanishes; otherwise, σp(A) is empty.
Intuitively, σp(A) ⊆ G is the locus where K ∩AG has rank at least p.
Proposition 10.3. The Schubert cell σp(A) \ σp+1(A) is nonempty if, and
only if, 0 ≤ a − p ≤ n. If these inequalities hold, then σp(A) \ σp+1(A) is
smooth of relative dimension n(e− n)− (n− a+ p)p over X.
Proposition 10.3 is, of course, standard. We include here its reduction to
the also standard Lemma 10.4 because later we will use both the lemma and
an argument that the reduction isolates.
Proof. Let w ∈ σp(A) \ σp+1(A) be a point, so that q|A : AG → EG/K has
rank a − p at w. Shrinking X to a neighborhood of the image of w in X,
we may assume that E is a free OX -module and that A is spanned by the
first a elements a basis of E. Partitioning such a basis, we may find a direct
sum decomposition
E = A′ ⊕B′ ⊕A′′ ⊕B′′,
where A′, B′, A′′ and B′′ are free OX-modules such that A
′ has rank a− p,
A = A′ ⊕A′′,
and the natural OG-linear map (A
′ ⊕ B′)G → EG/K is an isomorphism at
w. Applying Lemma 10.4 below, we obtain an open neighborhood U of w
in G such that (σp(A) \ σp+1(A)) ∩ U is isomorphic to the affine space
A
n(e−n)−p(n−a+p)
X
over X. 
Lemma 10.4. Suppose that
E = A′ ⊕B′ ⊕A′′ ⊕B′′,
where A′, B′, A′′ and B′′ are free OX-modules such that A
′ has rank a − p
and A = A′⊕A′′. Let E′ := A′⊕B′ and E′′ := A′′⊕B′′, so that E = E′⊕E′′.
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Let U ⊆ G and u : E′′U → E
′
U be as in Remark 10.1. Let u21 denote the
composition of the OU -linear maps
A′′U (A
′′ ⊕B′′)U (A
′ ⊕B′)U B
′
U .
u pr2
Then (σp(A) \ σp+1(A)) ∩ U is the subscheme of U where u21 = 0.
Proof. This can be proved with Lemma 2.10. 
Finally, we consider the Tjurina transform. Let F be a locally free OX -
module of rank f . Let m := min(e, f) and let i be a nonnegative integer.
Suppose that n = m− i, so that
G := Grn(E) = Grm−i(E).
Definition 10.5. Let α : E → F be an OX-linear map. The Tjurina
transform of the degeneracy locus Σi(α) ⊆ X is the subscheme Z ⊆ G
where α ◦ ι = 0.
The strategy of proving results about a degeneracy locus by reducing them
to assertions about its Tjurina transform is often called the “Grassmannian
trick”. It is justified by the next proposition.
Proposition 10.6. There exists a unique morphism of schemes ρ : Z →
Σi(α) such that the following diagram commutes.
Z = {α ◦ ι = 0} G
Σi(α) X
ρ π
This morphism is proper, surjective and induces an isomorphism of schemes
Z \ ρ−1(Σi+1(α))
∼
−→ Σi(α) \Σi+1(α).
Proof. Uniqueness of ρ is clear. Existence follows from the fact that αZ :
EZ → FZ factors though (EG/K)Z , which has rankm−i, so that ∧
m−i+1αZ =
0.
Now let x : T → Σi(α) be a morphism of schemes. The set of morphisms
of schemes s : T → Z such that ρ ◦ s = x is in bijection with the set L(x)
of rank-(e−n) locally free and locally split submodules K˜ ⊆ x∗E contained
in ker(x∗α).
If T is the spectrum of a field, then x∗α : x∗E → x∗F is a linear map of
rank at most m− i, so ker(x∗E) ⊆ x∗E is a linear subspace of dimension at
least e−m+ i = e− n. Hence L(x) is nonempty in this case, which shows
that ρ is surjective.
If instead T is arbitrary, but the image of x is contained in Σi(α)\Σi+1(α),
then ker(x∗α) ⊆ x∗E is itself a locally free and locally split submodule of
rank (e−n) by Proposition 2.9. Hence L(x) is a singleton in this case, which
shows that ρ is an isomorphism away from Σi+1(α). 
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11. Linear maps satisyfing symmetry and rank conditions
In this section and the next we will complete the proofs of the main results
of this paper, Theorems 1.1 and 1.3. Propositions 11.6 and 11.5 are all that
remains to prove. We will deduce both propositions from a single result,
Theorem 11.4, which we will prove using the facts about Grassmannins
reviewed in the preceding section.
Let X be a scheme. Let E and F be finite, locally free OX -modules of
respective ranks e and f . Let A ⊆ E be a rank-a subbundle. Let 2E
denote one of two OX-modules: either Sym
2E or ∧2E. Let A  E be the
image of A⊗ E under the natural map E ⊗ E ։ 2E.
Thoughout this section, the symbol ± should be read as “plus” if 2E =
Sym2E, and as “minus” if 2E = ∧2E.
Lemma 11.1. The OX-module A E is a locally free of rank
1
2a(a± 1) + a(e− a).
Proof. The question being local on X, we may assume that E is free with
basis {v1, . . . , ve} ⊆ Γ(X,E) and that A is freely generated by v1, . . . , va.
Then AE is freely generated by the images of the products vi⊗ vj where
0 ≤ i ≤ a, 0 ≤ j ≤ e, and{
i ≤ j if 2E = Sym2E
i < j if 2E = ∧2E.
The result follows. 
Let π : V → X be the vector bundle corresponding to the locally free
OX-module HomX(A E,F ). In symbols:
V := V(HomX(A E,F ))
Let h˜ : (A E)V → FV be the tautological map. Let
h : EV → HomX(A,F )V
be the image of h under the natural isomorphism
θ : HomX(A⊗ E,F )
∼
−→ HomX(E,Hom(A,F )).
Fix nonnegative integers i and j. The object of the main result in this
section, Theorem 11.4, is the locally closed subscheme ∆i,p ⊆ V defined by
∆i,p := (Σi(h) ∩ Σp(h|A)) \ (Σ
i+1(h) ∪Σp+1(h|A)).
In this formula, h|A denotes the OV -linear map AV → HomX(A,F )V ob-
tained by restricting h. Before stating the theorem, let us make a few
preliminary observations.
Remark 11.2. To understand the fibers of ∆i,p → X we may assume that X
is the spectrum of a field k. Then the set of k-rational points of ∆i,p is in
natural bijection with the set of k-linear maps
α : E → Homk(A,F )
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such that
(1) the bilinear map A × A → F that sends (v,w) 7→ h(v)(w) is sym-
metric if 2E = Sym2E and skew-symmetric otherwise;
(2) h has rank min(e, af)− i; and
(3) h|A has rank a− p.
Let n := min(e, af)− i.
Lemma 11.3. The scheme ∆i,p is nonempty if, and only if,
(1) 0 ≤ n;
(2) max(a− n, 0) ≤ p ≤ min(a, e− n); and
(3) a− p is even if 2E = ∧2E and f = 1.
If ∆i,p is nonempty, then the projection π : ∆i,p → X is surjective.
Proof. By considering the geometric fibers of the projection ∆i,p → X, we
may assume that X is the spectrum of an algebraically closed field k.
If ∆i,p is nonempty, then (1), (2) and (3) hold by Remark 11.2 and the
observation that a skew-symmetric matrix has necessarily even rank. Con-
versely, suppose that (1), (2) and (3) hold. By (3), one of the following
alternatives holds:
• 2E = Sym2E.
• 2E = ∧2E and a− p is even.
• 2E = ∧2E, a− p is odd and f ≥ 2.
Let us exhibit a point of ∆i,p assuming the third alternative holds; the other
two cases are slightly simpler and left to the reader.
Let {v1, . . . , ve} ⊆ E be a basis of E such that the vectors v1, . . . , va freely
generate A. Let {v∨1 , . . . , v
∨
e } ⊆ E
∨ be the dual basis of E∨. Let w1, w2 ∈ F
be linearly independent vectors. Then
α :=
a−p−2∑
j=1
(v∨j ⊗ v
∨
j+1 − v
∨
j+1 ⊗ v
∨
j )⊗ w1 + (v
∨
a−p ⊗ v
∨
1 − v
∨
1 ⊗ v
∨
a−p)⊗ w2
is an element of Homk(E,Homk(A,F )) that is contained in the image of
Homk(A E,F ) and is such that α|A has rank a− p. Let
β1, . . . , βn−a+p ∈ Homk(A,F )
be maps which extend α(v1), . . . , α(va−p) to a basis of an n-dimensional
linear subspace of Homk(A,F ). Then
α+
n−a+p∑
ℓ=1
v∨a+ℓ ⊗ βℓ
is an element of Homk(E,Homk(A,F )) that corresponds to a closed point
of ∆i,p. 
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Theorem 11.4. If the scheme ∆i,p is nonempty (see Lemma 11.3), then it
is smooth of pure relative codimension
p(n− a+ p) + f · [12 (−p
2 ± p) + (e− n)a]− n(e− n)
in V over X.
Proof. Let G := Grn(E) be the Grassmannian of rank-n quotients of E over
X. Let
0 K EG EG/K 0
ι q
be the tautological short exact sequence on G. The fiber product G′ :=
G×X V is the Grassmannian of rank-n quotients of EV over V . Let Z ⊆ G
′
be the Tjurina transform of the degeneracy locus Σi(h) ⊆ V . Thus Z is the
closed subscheme of G′ where h ◦ ι = 0. Let W denote the scheme-theoretic
intersection of Z with the Schubert cell
(σp(AV ) \ σp+1(AV )) = (σp(A) \ σp+1(A))×X V ⊆ G
′.
By Proposition 10.6, the second projection pr2 : G
′ → V induces an
isomorphism
Z \ pr−12 (Σ
i+1(h))
∼
−→ Σi(h) \ Σi+1(h).
We claim this isomorphism maps W \ pr−12 (Σ
i+1(h)) onto ∆i,p. To see this,
let Z˜ := Z \ pr−12 (Σ
i+1(h)). By the proof of Proposition 10.6 the natural
inclusion KZ →֒ ker(hZ) is an isomorphism over Z˜. This implies that hZ˜
factors through a locally split injection
(EG/K)Z˜ →֒ HomX(A,F )Z˜ ,
which in turn implies that the subschemes of Z˜ where ∧a−p
′+1(q|A) = 0 and
where ∧a−p
′+1(h|A) = 0 coincide for all 0 ≤ p
′ ≤ a+ 1. The claim follows.
Thus it suffices to show thatW is either empty or smooth of pure relative
codimension
p(n− a+ p) + f · [12(−p
2 ± p) + (e− n)a]
in G′ = G×S V over X.
Suppose that W is nonempty and let w ∈ W be a point. Then pr1(w) ∈
σp(A) \ σp+1(A) ⊆ G. As in the proof of Proposition 10.3, after shrinking
X to a neighborhood of the image of w in X, we may assume that the
OX-module F is free, and find a direct sum decomposition
E = A′ ⊕B′ ⊕A′′ ⊕B′′,
where A′, B′, A′′ and B′′ are free OX-modules such that A
′ has rank a− p,
A = A′ ⊕A′′,
and the natural OG-linear map (A
′ ⊕ B′)G → EG/K is an isomorphism at
pr1(w). Let E
′ := A′ ⊕B′ and E′′ := A′′ ⊕B′′, so that E = E′ ⊕ E′′. Let
U ⊆ G, u : E′′U → E
′
U and ι
′ : E′′U → EU
be as in Remark 10.1.
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Let
u ∼
[
u11 u12
u21 u22
]
be the block decomposition of the OU -linear map u : E
′′
U → E
′
U coming from
the direct sum decompositions of its source and target. Thus
u11 : A
′′
U → A
′
U u12 : B
′′
U → A
′
U
u21 : A
′′
U → B
′
U u22 : B
′′
U → B
′
U
are OU -linear maps and, for example, u21 is the restriction of u : E
′′
U → E
′
U
to A′′U followed by the second projection E
′
U = A
′
U ⊕B
′
U → B
′
U .
The fiber product U ×X V is an open subset of G
′ that contains w. By
Lemma 10.4, the intersection W ∩ (U ×X V ) is the closed subscheme of
U ×X V where
u21 = 0 and h ◦ ι
′ = 0.
Fix a basis for the free OX -module F and let B ⊆ Γ(X,F
∨) be the corre-
sponding dual basis. The subscheme of U ×X V where h ◦ ι
′ = 0 is the same
as the subscheme where τh ◦ ι′ = 0 for all τ ∈ B.
Given a basis element τ ∈ B, let
τh ∼
[
ατ11 β
τ
11 α
τ
12 β
τ
12
ατ21 β
τ
21 α
τ
22 β
τ
22
]
be the block decomposition of the OV -linear map τh : EV → A
∨
V coming
from the direct sum decompositions E = A′⊕B′⊕A′′⊕B′′ and A = A′⊕A′′.
Thus
ατ11 : A
′
V → (A
′
V )
∨ βτ11 : B
′
V → (A
′
V )
∨
ατ12 : A
′′
V → (A
′
V )
∨ βτ12 : B
′′
V → (A
′
V )
∨
ατ21 : A
′
V → (A
′′
V )
∨ βτ21 : B
′
V → (A
′′
V )
∨
ατ22 : A
′′
V → (A
′′
V )
∨ βτ22 : B
′′
V → (A
′′
V )
∨
are OV -linear maps. The maps α
τ
rs are either symmetric or skew-symmetric,
because h = θ(h˜) and h˜ ∈ HomV ((A E)V , FV ). In particular:
(ατ11)
∨ = ±ατ11 (α
τ
22)
∨ = ±ατ22 (α
τ
12)
∨ = ±ατ21
Having these block decompositions in place, we can say that W is the
subscheme of U ×X V where u21 = 0 and
[
ατ11 β
τ
11 α
τ
12 β
τ
12
ατ21 β
τ
21 α
τ
22 β
τ
22
]
−u11 −u12
−u21 −u22
1 0
0 1
 = [0 00 0
]
for all τ ∈ B. Working out the matrix product and using the equation
u21 = 0 and the symmetries from the preceding paragraph, we obtain the
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following system of equations, which also defineW as a subscheme of U×XV :
u21 = 0(11.1)
ατ12 = α
τ
11u11(11.2)
ατ22 = u
∨
11α
τ
11u11(11.3)
βτ12 = α
τ
11u12 + β
τ
11u22(11.4)
βτ22 = u
∨
11α
τ
11u12 + β
τ
21u22(11.5)
Equations (11.2-11.5) depend on a basis element τ ∈ B and must hold for
all such elements.
Fix OX -linear bases on A
′, B′, A′′, and B′′. Then, by Remark 10.1 and
Example 2.3, we may identify the schemes U and V with affine spaces over
X; the OU -linear map u : E
′′
U → E
′
U with a matrix whose entries are the
coordinates on U ; and the OV -linear map h˜ : (EA)V → FV with a matrix
whose entries are the coordinates on V .
With these identifications, (11.2-11.5) become equations between matrices
with entries in Γ(U×X V,OU×V ). Let us make four observations about these
matrices. First, the entries of the matrix on the left-hand side of (11.1) are
distinct coordinates on U . Second, the entries of the matrices on the right-
hand sides of (11.2-11.5) are distinct coordinates on V , as much as that is
allowed by the symmetry or skew-symmetry of the matrices ατ22. Third, the
set of coordinates appearing in the left-hand sides of the equations (11.1-
11.5) is disjoint from the set of coordinates appearing the right-hand sides
of these equations. And fourth, for each τ ∈ B, the right-hand side of (11.3)
has the same type of symmetry as ατ22.
These observations imply that W ∩ (U ×X V ) is isomorphic to an affine
space over X. Indeed, an isomorphism is given by the coordinates on U×XV
that do not appear in the left-hand sides of (11.1-11.5). It follows that W is
smooth over X, because W ∩ (U ×X V ) was constructed as a neighborhood
of the arbitrary point w ∈W .
Let us compute the relative codimension of W in G′ := G ×X V . The
equations (11.1-11.5) relate maps betwen the pullbacks to V of A′, A′′, B′,
B′′ and the duals of these OX -modules. The respective ranks of A
′, A′′, B′
and B′′ are a− p, p, n− a+ p and e− n+ p.
• Equation (11.1) is between elements of HomV (A
′′
V , B
′
V ) and con-
tributes p(n− a+ p) to the relative codimension of W in G′.
• Equation (11.2) is between elements of HomV (A
′′
V , (A
′
V )
∨) and con-
tributes p(a − p) to the relative codimension of W in G′ for each
τ ∈ B.
• Equation (11.3) is between symmetric or skew-symmetric elements
of HomV (A
′′
V , (A
′′
V )
∨) and contributes 12p(p± 1) to the relative codi-
mension of W in G′ for each τ ∈ B.
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• Equation (11.4) is between elements of HomV (B
′′
V , (A
′
V )
∨) and con-
tributes (e − n − p)(a − p) to the relative codimension of W in G′
for each τ ∈ B.
• Equation (11.5) is between elements of HomV (B
′′
V , (A
′′
V )
∨) and con-
tributes (e−n− p)p to the relative codimension of W in G′ for each
τ ∈ B.
We conclude that W has relative codimension
p(n− a+ p) + f · [p(a− p) + 12p(p± 1) + (e− n− p)a]
in G′ over X, as we set out to show. 
Proposition 11.5 ([3, Proposition 2.53]). Suppose that A = E. Then the
constant-rank locus
Σi(h) \ Σi+1(h) ⊆ V = V(HomX(
2E,F ))
is nonempty if, and only if,
(1) i ≤ e; and
(2) e− i is even if 2E = ∧2E and f = 1.
In this case, Σi(h) \Σi+1(h) is smooth of pure relative codimension
i(e− i)(f − 1) + 12 i(i± 1)f
in V over X.
Proof. Follows from Lemma 11.3 and Theorem 11.4, because Σi(h) = ∆i,i
when A = E. 
Proposition 11.6. Suppose that af ≤ e. If 2E = Sym2E, then the first
degeneracy locus
Σ1(h) ⊆ V = V(HomX(A E,F ))
has relative codimension e− af + 1 in V over X. If 2E = ∧2E, then the
same holds provided that
(1) a > 1; and
(2) if f = 1, then a = e and e is even.
Otherwise, Σ1(h) has relative codimension e− af in V over X.
Proof. The support of the degeneracy locus Σ1(h) ⊆ V is the disjoint union
of the supports of the subschemes ∆i
′,p′ ⊆ V with i′ ≥ 1 and p′ ≥ 0. In
symbols:
|Σ1(h)| =
⊔
i′≥1; p′≥0
|∆i
′,p′ |
By Lemma 11.3, Theorem 11.4 and Lemma 12.1 below, the minimum of the
codimensions of the subschemes ∆i,p ⊆ V with i ≥ 1 and p ≥ 0 is either
e− af + 1 or e− af , as in the statement of the proposition. 
42 LUCAS BRAUNE
1 (f+1)a–e (f–1)a fa
e–af+i
a
p=e–af+i
i
p
p=i–(f–1)a
Figure 1. The polygonal region of Lemma 12.1.
12. The minimal codimension
The following lemma was used in the proof of Proposition 11.6. Its proof
consists of tedious, but straightforward, case-by-case analysis.
Lemma 12.1. Let e, a, f be positive integers such that af ≤ e. Let R be the
polygonal region
{(i, p) ∈ R2 : 1 ≤ i ≤ af ; max(a− af + i, 0) ≤ p ≤ min(a, e − af + i)},
see Figure 1. Let C+ : R
2 → R and C− : R
2 → R be the functions defined
by
C±(i, p) = p(af−i−a+p)+f ·[
1
2(−p
2±p)+(e−af+i)a]−(af−i)(e−af+i).
(1) The minimum value achieved by C+ on R ∩ Z
2 is e− af + 1.
(2) If f > 1, then the minimum value achieved by C− on R ∩ Z is{
e− af + 1 if a > 1
e− af if a = 1.
(3) If f = 1, then the minimum value achieved by C− on R∩(Z×(a+2Z))
is {
e− af + 1 if a = e and e is even
e− af otherwise.
Proof. If (i, p) ∈ R, then 1 ≤ i and p ≤ e− af + i, so
∂C±
∂i
(i, p) = e− af + 2i− p > 0.
This implies that the various minima are achieved on the union of two
possibly degenerate line segments L1 ∪ L2 in the boundary of R. Namely:
L1 = {(1, p) | max(a− af + 1, 0) ≤ p ≤ min(a, e− af + 1)}
L2 = {(i, e − af + i) | 1 ≤ i ≤ (f + 1)a− e}
Let m := max(a− af + 1, 0) and M := min(a, e− af + 1).
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To study the restrictions of C± to L1 and L2, let q±,1 : R → R and
q±,2 : R→ R be the functions defined by
q±,1(p) = C±(1, p) and q±,2 = C±(i, e − af + i).
Let I1 := [m,M ] and I2 := [1, (f+1)a−e]. For j = 1, 2, we wish to minimize
q+,j over Ij ∩ Z, and q−,j over{
Ij ∩ Z if f > 1
Ij ∩ (a+ 2Z) if f = 1.
The quadratic functions q±,j are convex if f = 1, linear or constant if f = 2,
and concave if f ≥ 2. We consider each case separately.
Suppose that f = 1. To minimize a convex quadratic function over a finite
set, we look for the point in the set that is closest to the global minimizer
of the function. The global minimizer of q±,1 is p = 1∓
1
2 , while that of q±,2
is i = −(e− a)∓ 12 . Therefore:
• The restriction of q+,1 to I1 ∩ Z = [1,M ] ∩ Z achieves its minimum
at p = 1.
• The restriction of q−,1 to I1∩(a+2Z) achieves its minimum at p = 1
if a is odd, and at p = 2 if a is even.
• The restriction of q+,2 to I2∩Z = [1, 2a−e]∩Z achieves its maximum
at i = 1.
• The restriction of q−,2 to I2∩ (a+2Z) achieves its minimum at i = 2
if a = e and e is even, and at i = 1 otherwise.
Next, suppose that f = 2.
• If a = 1, then q±,1 is strictly decreasing and I1 = [0, 1], so the
restriction of q±,1 to I1 ∩ Z achieves its minimum at p = 1.
• If a > 1, then q±,1 is nondecreasing and I1 = [0,M ], so the restriction
of q±,1 to I1 ∩ Z achieves its minimum at p = 0.
• The function q±,2 is nondecreasing, so the restriction of q±,2 to I2∩Z
achieves its minimum at i = 1.
Finally, suppose that f ≥ 3. To minimize a concave quadratic function
over a finite set, we look for the point in the set that is furthest from the
global maximizer of the function.
• If a = 1, then the global maximizer of of q±,1 lies to the left of the
midpoint of the interval I2 = [0, 1], so the restriction of q±,1 to I2∩Z
achieves its minimum at p = 1.
• If a > 1, then the global maximizer of of q±,1 lies to the right of
the midpoint of the interval I2 = [0,M ], so the restriction of q±,1 to
I2 ∩ Z achieves its minimum at p = 0.
• The global maximizer of q±,2 lies to the right of the midpoint of the
interval I2 = [1, (f + 1)a − e], so the restriction of q±,2 to I2 ∩ Z
achieves its minimum at i = 1. 
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13. Power series with finite Milnor number
In this section we state basic facts about power series with finite Milnor
number and use these facts to prove a version of Morse’s Lemma with Pa-
rameters, namely Proposition 13.10. In the next section we will use this
proposition to prove Theorem 1.5 from the introduction.
Let k be a field. Let x = (x1, . . . , xn) be a finite set of indeterminates.
Let f ∈ k[[x]] be a power series.
Definition 13.1. The Jacobian ideal of f , denoted jac(f), is the ideal gener-
ated in the power series ring k[[x]] by the partial derivatives ∂f/∂x1, . . . , ∂f/∂xn.
The quotient k[[x]]/ jac(f) is called the Milnor algebra of f . Its (possibly
infinite) dimension as a vector space over k is called the Milnor number of
f and denoted by µ(f).
Definition 13.2. Let r be a positive integer. We say that a power series
f ∈ k[[x]] is r-determined if for every power series g ∈ k[[x]] such that
f − g ∈ 〈x〉r+1, there exists an automorphism of k[[x]] as a local k-algebra
that sends g to f . We say that f is finitely determined if it is r-determined
for some r ≥ 1.
Proposition 13.3. If f ∈ k[[x]] has finite Milnor number, then f is finitely
determined. More precisely, let r be the largest positive integer such that
〈x〉r ⊆ jac(f). Then f is 2r-determined.
Proof. This result follows from [2, Theorem 2.1]. For a simple, direct argu-
ment, see the proof of [11, Lemma 10.8]. 
The analogue of Proposition 13.3 for germs of smooth functions on Eu-
clidean space is a very special case of [16, Theorem 1.2].
Let C be the category whose objects are complete, Noetherian, local k-
algebras with residue field k, and whose morphisms are maps of local k-
algebras.
Definition 13.4. Let R be a complete local k-algebra in C.
(1) An unfolding (or deformation) of f over R is a power series F ∈
R[[x]] that maps to f ∈ k[[x]] under the quotient map R→ k.
(2) Let F,F ′ ∈ R[[x]] be unfoldings of f over R. A right-equivalence (or
morphism) F → F ′ is a local R-algebra map ϕ : R[[x]]→ R[[x]] that
lifts the identity of k[[x]] and sends F to F ′.
Unfoldings of f over R and right-equivalences between them form a cat-
egory (in fact, a groupoid) that we denote by D(R). A map b : R → R′
of complete local k-algebras in C induces an obvious functor functor b∗ :
D(R)→ D(R′).
Definition 13.5. The functor of unfoldings of f is the functor
D : C→ (Sets)
CRITICAL LOCI AND SECOND-ORDER SINGULARITIES 45
that sends a complete local k-algebra R ∈ C to the set D(R) of right-
equivalence classes of unfoldings of f over R, and acts on morphisms in the
obvious way.
Definition 13.6. Let R be a complete local k-algebra in C. Let F ∈ R[[x]]
be a unfolding of f over R. We say that F is right-complete (or versal) if,
for every complete local k-algebra A in C, the map
HomC(R,A)→ D(A)
that sends b 7→ b∗F is surjective.
Proposition 13.7. Suppose that f has finite Milnor number. Let g1, . . . , gµ ∈
k[[x]] be power series whose images span the Milnor algebra k[[x]]/ jac(f) as
a vector space over k. Let s = (s1, . . . , sµ) be a set of µ indeterminates.
Then
F := f + s1g1 + · · ·+ sµgµ ∈ k[[s, x]]
is a right-complete unfolding of f over k[[s]].
Proof. Let A ∈ C be a local k-algebra. Let P ։ A be a surjective map of
local k-algebras, where P is a ring of power series in finintely many variables
and coefficients in k. We have a commutative diagram
HomC(k[[s]], P ) D(P )
HomC(k[[s]], A) D(A)
where the vertical maps are surjective and the horizontal maps are induced
by F . It suffices to show that the top horizontal map is surjective. This can
be done using the method of the proof of [6, Corollary 1.17]. 
The analogue of Proposition 13.3 for unfoldings of germs of smooth func-
tions on Euclidean space is a very special case of [16, Theorem 3.4].
We now turn to generalization of Morse’s lemma that we will use in the
next section. Suppose that f ∈ 〈x〉2 and that the Hessian matrix of f has
rank r at the origin. Then r is even if p = 2. Let
q =
{
x21 + · · ·+ x
2
r if p 6= 2
x1x2 + · · ·+ xr−1xr if p = 2.
Lemma 13.8. If p 6= 2, then there exists a local k-algebra automorphism
ϕ : k[[x]] → k[[x]] such that ϕ(f) ≡ q modulo 〈x〉3. If p = 2, then there
exists a local k-algebra automorphism ϕ : k[[x]] → k[[x]] such that either
ϕ(f) ≡ q or ϕ(f) ≡ q + x2r+1 modulo 〈x〉
3.
Proof. Let n denote the maximal ideal 〈x〉 ⊂ k[[x]]. Let q(f) denote the
image of f ∈ n2 inside n2/n3 = Sym2(n/n2). Then q(f) is a quadratic
form whose associated bilinear form is represented by the Hessian matrix
of f at the origin. By the classification of quadratic forms, there exists a
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k-linear automorphism ϕ1 of n/n
2 such that Sym2(ϕ1) sends q(f) to either
q or q + x2r+1. We may take ϕ to be the local k-algebra automorphism of
k[[x]] induced by ϕ1, which characterized by the following property: for all
nonnegative integers i, the self-map of ni/ni+1 = Symi(n/n2) induced by ϕ
is equal to Symi(ϕ1). 
Lemma 13.9 (Morse’s Lemma). If r = n, then there exists an automor-
phism of k[[x]] as a local k-algebra that maps f to q.
Proof. Because r = n, we have 〈x〉 = jac(q). It follows from Proposition
13.3 that q is 2-determined. Hence it suffices to show that there exists an
automorphism of k[[x]] as local k-algebra that sends f to q modulo 〈x〉3.
This follows from Lemma 13.8 above. 
Proposition 13.10 (Morse’s Lemma with Parameters). Let R be a complete
local k-algebra with residue field k. Let F ∈ R[[x]] be a power series with
residue f in k[[x]]. Then there exist a power series h ∈ R[[xr+1, . . . , xn]]
and an automorphism of R[[x]] as a local R-algebra that sends F to q + h.
Proof. By Lemma 13.8, there exists a local k-algebra automorphism of k[[x]]
that maps f to either q or q + x2r+1 modulo 〈x〉
3. Lifting such an automor-
phism to a local R-algebra automorphism of R[[x]] and replacing F with
its image under the lift, we may assume that f is congruent to either q or
q + x2r+1 modulo 〈x〉
3.
Let R′ denote the complete local k-algebra R[[xr+1, . . . , xn]]. Let f¯ denote
the image of f under the map k[[x1, . . . , xn]] → k[[x1, . . . , xr]] that sends
xi 7→ xi for i ≤ r and xi 7→ 0 for i > r. After replacing R by R
′ and f by f¯ ,
we may assume that r = n and f ≡ q modulo 〈x〉3.
By Morse’s Lemma (Lemma 13.9), there exists a local k-algebra automor-
phism of k[[x1, . . . , xr]] that sends f to q. After lifting such an automorphism
to a local R-algebra automorphism of R[[x]], we may assume that f = q. In
other words, we may assume that F is a unfolding of q over R.
By Proposition 13.7 and the assumption that r = n, the power series
q + t ∈ k[[t, x]],
is a versal unfolding of q over k[[t]]. We may therefore find a map of local k-
algebras a : k[[t]]→ R and a right-equivalence of unfoldings ϕ : q+a(t)→ F .
The element h := a(t) ∈ R and the automorphism of R[[x]] underlying ϕ
satisfy the conclusions of the proposition. 
14. Local description of corank-1 singularities
Proof of Theorem 1.5. We note that r := dimf(x) Y and n := dimxX. The
assumptions that x ∈ Σ1(f) and r ≤ n imply that the differential df(x) :
TX(x)→ TY (y) has rank r − 1. Using this, we can find a reordering of the
coordinates y1, . . . , yr ∈ OY,y and a system of parameters x1, . . . , xn ∈ OX,x
with the desired properties.
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The integer n− r + 1− j is the rank of the second intrinsic differential
d2xf : ker(df(x))→ Homk(ker(df(x)), coker(df(x))).
The kernel of the differential df(x) : TX(x)→ TY (x) is freely generated by
the vectors ∂/∂xa with a = r, . . . , n, while its cokernel is freely generated
by the image of ∂/∂yr. By Remark 4.6 we have
d2xf
(
∂
∂xa
)
=
n∑
b=r
∂2fr
∂xa∂xb
(x) · dxb ⊗
∂
∂yr
for all a = r, . . . , n. Thus d2xf is represented by the square submatrix of
size n − r + 1 in the bottom-right corner of the Hessian matrix of fr. If k
has characteristic 2, then this submatrix is skew-symmetric, and therefore
its rank n− r + 1− j is even.
Write fr = fr(x)+g1+g2, where g1 is homogeneous polynomial of degree
1 in x1, . . . , xn, and g2 ∈ 〈x1, . . . , xn〉
2. Then g1 only involves the variables
x1, . . . , xr−1 by the assumption the differential df(x) : TX(x) → TY (x) has
rank r − 1. Let g¯2 := g2(0, . . . , 0, xr, . . . , xn) ∈ k[[xr, . . . , xn]]. The Hessian
matrix of g¯2 is the square submatrix of size n − r + 1 in the bottom-right
corner of the Hessian matrix of fr. By the preceding paragraph, it has rank
n−r+1−j. Viewing g2 as an unfolding of g¯2 over R := k[[x1, . . . , xr−1]] and
applying Morse’s Lemma with Parameters (Proposition 13.10), we may find
an automorphism ϕ of k[[x1, . . . , xn]] as a local k[[x1, . . . , xr−1]]-algebra that
sends g2 to q + h
′ for some power series h′ ∈ k[[x1, . . . , xn]] that does not
involve the variables xr, . . . , xn−j . Setting h := g1+h
′, the result follows. 
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